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ABSTRACT 


A detailed  analytical  and  experimental  study  of  the  sensitivity  of 
Wave  Digital  Filters  has  been  conducted.  The  results  indicate  that  the 
wave  digital  filter  tends  to  achieve  the  same  low  sensitivity  character- 
istic as  the  analogue  circuit  from  which  it  was  derived.  Other  results 
indicate  relatively  higher  sensitivity  to  terminating  resistance  values 
compared  with  internal  element  values,  lower  sensitivity  for  algorithms 
derived  from  sinple  rather  than  multiple  elements,  and  hi^er  sensitivity 
at  the  critical  frequencies.  Finally  the  rms  error  due  to  the  quantiza- 
tion in  tlie  number  of  bits  in  the  multiplier  coefficients  has  been 
measured  at  approximately  3 db  per  bit  for  the  many  exan^jles  tested. 
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I.  INTRODUCTION  AND  SCOPE 


A.  I^r^RODUc^ION 

Signal  processing  is  necessary  in  diverse  areas  of  science  and  engi- 
neering, such  as  coTirauni cation,  social  sciences,  biomedical,  control, 
radar,  acoustics,  telemetry,  and  intelligence  and  information  gathering, 
etc.  In  general  this  process  can  be  done  with  analogue  (continuous 
time),  or  digital  (discrete  time,  discrete  anplitude)  signals. 

With  the  advent  of  LSI  and  VLSI,  microprocessors,  the  need  for  effi- 
cient digital  signal  processing  algorithms  becomes  more  and  more  inpor- 
tant.  Much  of  the  current  literature  is  devoted  to  design  of  the  linear 
algorithms,  under  the  title  of  digital  filters.  Inportant  factors  in 
designing  the  digital  algorithms  are,  time  of  the  calculation,  irple- 
mentation,  accuracy  (error) , etc. 

Although  there  is  evidence  that  direct  digital  filter  design  is 
possible  [1],  nearly  all  of  the  digital  filter  design  algorithms  use 
the  analogue  to  digital  transfoimation  techniques.  It  is  interesting 
to  note  that  the  rapid  development  of  the  digital  signal  processing  is 
partly  because  of  the  existence  of  the  well  established  theory  on  the 
analogue  techniques  and  partly  because  of  the  abundance  of  the  general 
purpose  digital  computers. 

The  digital  corputer  and  specially  microprocessors,  being  physical 
objects  from  space  and  economical  point  of  view,  can  only  accommodate 
for  finite  precision  in  the  size  of  the  digital  filter  multiplier  co- 
efficients. Thus  the  need  for  digital  filter  algorithms  with  low  sen- 
sitivity to  digital  filter  multiplier  coefficients  arises. 


Fettweis  [2]  in  order  to  design  a low  sensitivity  digital  algorithm 
has  proposed  an  alternative  digital  filter  design  method,  namely  wave 
digital  filter,  in  which  analogue  LC  circuit  is  transformed  into  dis- 
crete algorithm  using  wave  or  scattering  matrix  parameters.  This  ap- 
proach  in  design  is  different  from  the  conventional  design  techniques, 
because  we  have  a new  set  of  variables  which  are  referred  to  as  "incident 
and  reflected  wave  parameters". 

Wave  digital  filter  design  is  believed  to  be  difficult  to  understand, 
and  is  therefore  generally  avoided.  But  in  reality  this  is  not  the  case. 
In  fact,  to  design  a wave  digital  filter  one  need  not  go  into  the  details 
of  the  algorithm  development.  One  merely  needs  to  know  some  basic  facts 
and  then  can  use  the  final  wave  digital  filter  equations  and  tables  in 
order  to  design  the  required  filter. 

It  is  a well  known  fact  that  analogue  LC  networks  have  veiy  low  sen- 
sitivity to  variation  in  LC  component  values,  l^on  this  fact  Fettweis 
and  others  have  argued  that,  since  the  wave  digital  multiplier  coeffi- 
cients are  derived  from  the  LC  parameters  of  the  parent  circuits,  they 
should  also  have  the  same  favorable  low  sensitivity  characteristics  to 
multiplier  coefficients.  Furtherraore  it  is  also  known  that  the  digital 
algorithms  with  low  sensitivity  to  multiplier  variations  also  exhibit 
minimun  romd-off  noise  due  to  quantization  after  multiplication  of  these 
multipliers  with  signals.  As  a result  it  is  conjectured  that  the  wave 
digital  filter  will  have  minimun  rouid-off  noise  properties  when  conpared 
with  other  digital  filter  algorithms.  The  purpose  of  this  thesis  is 
to  analyze  and  check  tliis  conjecture. 


B.  SCOPE  AND  ORGANIZATIOi 


In  order  to  develop  and  study  the  wave  digital  filter,  the  research 
in  this  thesis  is  divided  into  seven  chapters.  In  Chapter  II  a brief 
disciission  of  the  general  digital  filter  theory  is  given.  The  presenta- 
tion contains  only  selected  and  necessary  background  required  for  wave 
digital  filter  theory  development  in  this  thesis  later  on.  Also  in- 
cluded in  this  chapter  are  A B C D matrix  theory,  and  the  concept  of 
the  delay  free  feedback  which  plays  an  essential  role  in  the  wave  digi- 
tal filter  theory  development.  Necessary  sensitivity  theory  background  used 
in  the  sensitivity  analysis  of  digital  filter  is  discussed  briefly  in 
Chapter  III.  The  development  of  wave  digital  filter  theory  is  done  in 
Chapter  TV.  This  deA/elopment  is  straightforward  and  general  in  a sense 
that  only  one  algorithm  is  developed  for  both  series  and  shunt  element. 

The  effect  of  sanpling  interval  is  also  introduced  for  the  first  time 
into  the  wave  digital  filter  algorithms.  Four  useful  tables  of  wave 
digital  iterative  algorithms  for  siuqjle  L and  C elements  in  both  series 
and  shunt  configuraticsi  are  also  given.  The  delay  free  path  which  plays  an 
essential  role  in  wave  digital  filter  theory  is  emphasized  throughout 
this  chapter.  The  studies  of  the  sensitivity  of  the  wave  digital  filter 
to  quantization  in  the  nunber  of  bits  of  the  multiplier  coefficients  is 
done  in  Chapter  V.  To  do  these  studies  in  a fairly  general  sense,  three 
different  wave  digital  filter  algorithms  developed  in  Chapter  IV  are 
used  with  two  different  conventional  digital  filters  for  the  given 
filter.  A total  of  nine  different  filter  types  with  different  terminat- 
ing source  resistances  were  examined  and  con5)ared  with  each  other  to 
arrive  at  a general  conclusion.  Chapter  VI  presents  a specialized  in- 
depth  study  of  the  sensitivity  of  the  simple  wave  digital  filter 
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algorithm.  In  this  chapter  sensitivity  distribution  along  the  filter 
stn«:ture  was  examined  in  order  to  understand  the  sensitivity  behavior 
of  the  subsections  of  the  wave  digital  filter  on  the  overall  sensitivity 
of  the  wave  digital  filter.  Chapter  VII  summarizes  the  new  results  and 
proposes  future  research  ideas  related  to  the  wave  digital  filter  theory. 
There  are  three  appendices.  Appendix  1 includes  an  exanple  to  show 
the  nearly  exact  equivalence  between  the  wave  digital  filter  and  the 
conventional  digital  filter,  both  in  the  time  domain  and  frequency  domain 
when  infinite  precision  arithmetic  is  used.  The  rest  of  the  appendices 
include  ten  conputer  programs.  The  conputer  programs  are  used  to  derive 
the  results  of  the  main  text.  It  is  inportant  to  note  that  in  order  to 
facilitate  the  better  understanding  of  the  computer  programs,  explana- 
tory remarks  are  made  in  the  conment  cards.  These  conputer  programs  are 
in  FORTRAN  IV  and  can  be  used  on  any  standard  general  purpose  digital 
conputer  capable  of  dealing  with  FORTRAN  IV  scientific  conputer  language. 

Finally  it  is  inportant  to  note  that  in  this  thesis  for  easy  access, 
the  references  are  given  at  the  end  of  each  chapter,  rather  than 
collectively  at  the  end  of  the  thesis. 
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II.  GENERAL  BACKGROUND 


A.  INTRODUCTION 

The  main  intent  of  this  chapter  is  to  briefly  review  general  digital 
filter  theory  in  order  to  establish  the  background  necessary  for 
the  main  subject  of  this  thesis,  i.e.  wave  digital  filters.  The  design 
of  the  conventional  digital  filter  is  a well  established  subject.  Thus 
it  will  be  dealt  very  briefly.  Also  discussed  in  this  chapter  is 
the  A B C D parameter  matrLx  theory,  which  will  be  used  later  on  followed 
by  the  concept  of  the  delay- free  feedback  path  or  delay- free  loop  in  the 
digital  two  port  network  which  are  used  in  deriving  the  causal  wave 
digital  filter  algorithms  in  Chapter  TV.  z domain  transform  theory  is 
assumed  as  a background  and  is  not  discussed. 

B.  GENERAL  REVIEW  OF  DIGITAL  FILTER  DESIGN 

The  design  of  electronic  filters  in  the  analogue  domain  is  a well 
established  subject,  which  not  only  includes  very  sophisticated  tech- 
niques, but  also  has  some  very  well  established  supporting  computer  pro- 
grams as  well.  Much  of  the  development  of  the  digital  filter  has  been 
directed  towards  the  transfer  of  these  results  from  the  analogue  domain 
to  the  digital  domain. 

In  the  most  general  sense  a digital  filter  is  a linear,  shift  in- 
variant discrete  time  system  which  is  realized  using  finite  precision 
arithmetic.  The  design  of  the  digital  filters  involves  three  basic 
steps : 

(1)  the  specification  of  the  desired  properties  of  the  system 
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(2)  the  approximation  of  these  specifications  using  a causal  dis- 
crete time  system 

(3)  the  realization  of  the  system  using  finite  precision  arithme- 
tic 

Note  that  these  three  steps  are  not  independent  of  each  other.  In  i 

this  thesis  we  are  mainly  interested  in  step  2 and  to  some  extent  on 
step  3. 

C.  METHODS  OF  DESIGNING  THE  DIGITAL  FILTER  ^ 

An  important  class  of  techniques  for  designing  infinite  inpulse  re- 
sponse filters  to  be  realized  recursively  is  based  on  a transformation 
of  a continuous  time  filter.  This  class  comprises  at  least  three  tech- 
niques . 

1.  Impulse  Invariance  Method 

The  inpulse  invariance  method,  also  called  standard  z transforma- 
tion (or  staixlard  z) , is  a technique  in  which  the  impulse  response  of 
the  derived  digital  filter  is  identical  to  the  sampled  impulse  response 
of  the  continuous  time  filter.  If  the  impulse  response  of  the  filter  is 
h(t)  then  the  sampled  inpulse  response  will  be 

h*(t]  = h(t).5.j,Ct)  (2.1) 

vdiere  5.j,(t)  is  the  sampling  function  and  is  defined  by 

1 t=nT  I 

<5j(t)  (g  where  n=0, 1,2, .. . ^ 


It  can  be  shown  that  the  Laplace  transform  of  h (t)  will  be 


H*(s) 


K=» 

K=-00 


h(s 


. & 


(2.2) 


and  the  iupulse  invariance  response  of  the  filter  will  be 


HCz) 


(2.3) 


sT  Zt 

from  the  relationship  2 = e it  is  seen  that  the  strips  of  width  ^ in 

the  s plane  map  into  the  entire  z plane  as  depicted  in  Figure  2.1,  the 

left  half  of  s plane  strip  maps  into  the  interior  of  the  unit  circle, 

and  the  imaginary  axis  of  the  s plane  maps  onto  the  unit  circle  in  such 

27T 

a way  that  each  segment  of  length  -j-  is  mapped  once  around  unit  circle. 
Thus,  the  mapping  is  not  a one  to  one  mapping,  and  hence  it  can  easily 
be  shown  that  the  impulse  invariance  response  is  only  satisfactory  if 
HCsl  is  band  limited.  And  as  in  most  cases  if  H(s)  is  not  sufficiently 
band  limited  HCz)  is  an  aliased  version  of  H(s) . Therefore  the  tech- 
nique is  used  for  narrow  band  filter  design  or  else  H(s)  is  broken  into 
cascaded  subsections  of  first  order  and  second  order  sections  with 
guard  filters  in  between,  which  in  some  cases  is  a tedious  job.  Also 
it  is  clear  from  equation  C2.2)  that  due  to  the  i multiplier,  the 
digital  filters  derived  using  the  impulse  invariance  method  have  a gain 

approximately  to  that  of  continuoizs  time  filter,  v^ich  should  be  taken 
into  account  in  the  design. 

2.  Matched  z Transform 

This  procedure  is  based  on  mapping  the  poles  and  zeros  of  the 

-1 

continuous  time  filter  by  the  substitution  of  (s-s^)  (1-e  .2  ). 
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This  means  that  poles  of  H(z)  will  be  identical  to  those  obtained  by 
iii^)ulse  invariant  method;  however  the  zeros  will  not  correspond. 


3.  Designs  Based  on  Numerical  Solution  of  Analogue  Differential 
Equations 

a.  Conventional  Digital  Filter  Design 

In  this  method,  the  differential  equatic  of  the  analogue 

filter  is  approximated  by  a recursive  equation,  which  is  the  standard 
procedure  in  Numerical  Analysis.  There  are  three  basic  numerical  inte- 
gration techniques,  namely. 


(i)  Euler  forward  integration 

(ii)  Euler  backward  integration 

(iii)  bilinear  integration 

All  these  techniques  plus  many  others  are  described  fully  in  the  litera- 
ture. .And  there  is  no  need  to  go  into  details  for  all  of  these  tech- 
niques, but  because  of  the  inportance  of  bilinear  transformation  we  de- 
scribe it  briefly. 

The  approach  uses  the  algebraic  transformation 

s = I (2.4) 

T 1+z  ^ 

to  derive  the  system  transfer  function  of  the  digital  filter  such  that 


HCz)  = H(s) 


1 2 ,1-^,  ,, 

2 T ^ -1^  ^2-  5) 

^ 1+z  ^ 

This  transformation  has  the  effect  of  mapping  the  entire  left  half  s 
plane  into  the  inside  of  the  unit  circle  and  entire  right  half  of  the 
s plane  into  the  outside  of  the  unit  circle  as  shown  in  Figure  2.2.  This 
results  in  a nonlinear  warping  of  the  frequency  scale  according  to  the 
relation 


25 


- - - , 


v^ere  is  the  critical  frequency  of  analogue  filter  and  the 

critical  frequency  of  the  digital  filter.  Because  of  this  warping  of 
the  frequency  scale  this  design  technique  is  most  useful  in  obtaining 
digital  design  of  filters  whose  frequency  response  can  be  divided  up 
into  a finite  number  of  pass  bands  and  stop  bands  in  which  the  response 
is  essentially  constant.  Figure  2.3  shows  the  frequency  response  of  an 
analogue  filter  and  its  approximated  digital  frequency  response  using 
bilinear  transform  techniques. 

From  Figure  2.3  it  is  obvious  that  if  we  require  the  critical  fre- 
quency of  the  digital  filter  to  be  say  at  ^^.^^then  we  have  to  frequency 
scale  the  critical  frequency  of  the  analogue  filter  by  a factor 


factor  = 


'^cd  ^ 


2tanf 


(2.7) 


Typical  frequency  selective  analogue  filters  are  Buttervrarth,  Qiebyshev, 
and  Elliptic  filters.  Note  that  all  these  filters  have  closed  form 
analogue  design  fomulas  and  by  the  use  of  bilinear  transformation  we 
can  easily  get  approximate  closed  foim  digital  filter  algorithms. 

A Butterworth  filter  is  a raonotonic  in  the  pass  band  and  in  the 
stop  band. 

A Chebyshev  filter  has  an  equiripple  characteristic  in  tfie  pass 
band  and  monotonic  in  the  stop  band,  or  vice  versa. 

An  Elliptic  filter  is  equiripple  in  both  pass  band  and  stop  band. 
Clearly  these  properties  will  be  preserved  when  the  filter  is  mapped  to 
a digital  filter  with  the  approximated  bilinear  transformation  as  shown 
in  Figure  2.3. 


b.  Wave  Digital  Filter  Design 


This  technique  basically  uses  the  bilinear  transformation  of  the 
analogue  to  digital  design  exactly  the  same  as  part  a iii,  but  the 
attempt  is  made  only  on  LC  filters  having  input  and  output  terminating 
resistances  of  and  R2. 

In  this  technique  each  reactive  element  in  the  analogue  ladder 
structure  is  transformed  into  a two  port  signal  flow  structure  using  the 
bilinear  transformation  and  wave  flow  techniques,  and  at  the  same  time 
matching  the  port  one  impedance  of  the  derived  two  port  structure  to 
the  port  two  impedance  of  the  previously  derived  element,  thus 
eliminating  mismatch  between  the  succeeding  elements.  The  details  of 
this  and  its  implementation  are  left  for  Chapter  IV.  Note  that  the 
idea  is  a very  basic  one  and  can  be  applied  on  many  varieties  of  common 
filters . 

D.  CHAIN  OR  A B C D MATRIX  THEORY 

The  analysis  of  any  passive  linear  network  with  several  inputs  and 
outputs  can  be  done  in  many  ways.  The  most  usual  ones  are  signal  flow 
graph,  system  matrix  equations,  input/output  algorithms,  transform  matrix 
equations,  etc.  However,  for  systems  of  order  higher  than  2,  most  of 
the  above  analysis  becomes  tedious  and  prone  to  mistakes  due  to  system 
con^Jlexity.  A most  useful  and  convenient  method  of  dealing  with  a com- 
plex system  is,  \dienever  possible,  to  break  the  system  into  several  sub- 
systems and  interrelate  these  subsystems  by  a chain  matrix,  thus  allow- 
ing each  subsystem  to  be  analyzed  and  investigated  separately  one  at  a 
time,  without  even  thinking  about  the  rest  of  the  system.  To  illustrate 
the  point  consider  the  network  N of  Figure  2.4  with  wave  inputs  a^^  and 
a^  and  wave  outputs  b^^  and  b^.  The  relationship  between  port  2 eind  port 
1 for  this  network  can  be  written  as 
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Fig.  2.4.  A general  two  port  structure  with  inputs  a,  and  ^2  and 
outputs  b,  and  b2,  into  and  out  of  the  system  boundaries 
respectively. 


^1 


Ai 

''2  ^ 

“1 

^2  ^2 

Cl 

- 

^1’ 

^2  °2 

Subnetwork 

1 

Subnetwork 

v 

N] 



^2 

System  boundaries 


Fig.  2.5.  A general  two  port  structure  with  inputs  a,  and  a,  and 
outputs  b,  and  b , into  and  out  of  the  system  boun^ries 
respectively.  Note  that  the  system  of  Fig.  2.4  is 
equivalent  to  the  systern  of  Fig.  2.5  if  the  inputs 
(a^^  and  82)  and  outputs  (bj^  and  b23  are  exactly  the  same. 
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(2.8) 


Now  if  we  can  break  network  N into  several  subnetworks  inside  the  dotted 
line  without  touching  the  input  and  output  ports,  the  resulting  network 
will  be  exactly  the  same  as  network  N.  Note  that  the  networks  N^  and  N2 
resulting  from  network  N do  not  necessarily  have  to  have  equal  subsec- 
tions as  shown  in  Fig.  2.5.  Note  also  how  the  consistency  in  the  wave- 
flow  direction  is  maintained. 

Thus  from  Fig.  2.4 
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(2.12) 


(2  .13) 
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Note  that  eqvations  (2.8),  (2.13)  are  identical.  This  sinple  exanple 
clearly  demonstrates  how  a system  when  made  xjp  of  only  two  sinple  sub- 
systems and  N2  which  are  easy  to  be  analyzed  each  separately,  ^hen 
combined  into  the  system  N becomes  a complex  system,  and  very  difficult 
to  get  analyzed. 

Note  that  in  the  first  case  it  is  a very  easy  job  to  analyze  subele- 
ments  and  of  system  N^^  or  that  of  the  system  N2.  While 

clearly  the  analysis  of  the  element  A * A2^A2  + B2Cj^  etc.  of  the  system 

N will  not  be  an  easy  job,  and  in  most  cases  when  the  system  is  made 
of  more  than  2 subsystems  it  is  a tedious  if  not  an  inpossible  task. 

Thus  equation  C2.12)  clearly  demonstrates  the  fundamental  property  of 
the  chain  matrix  analysis. 

Whenever  two  or  more  than  two  pairs  are  connected  in  cascade  the  chain 
matrix  of  the  composite  network  will  be  the  product  of  the  individtial 
chain  matrices.  Since  in  general  matrix  multiplication  is  not  comnutative , 
it  is  important  that  the  matrices  be  multiplied  in  the  same  order  as  the 
circuits  are  cascaded.  It  can  easily  be  shown  that  if  all  the  individual 

matrices  are  reciprocal  the  composite  two  port  will  also  be  reciprocal. 

E.  CONCEPT  OF  DELAY  FREE  FEEDBACK  PATH,  OR  DELAY 

FREE  LOOP  IN  A TWO  PORT  NETWORK 

As  mentioned  in  section  II-D  the  relationship  between  port  two  and 
port  one  of  a siisection  of  a general  causal  system  such  as  that  of  Fig. 

2.5  can  best  be  described  by  the  equation  (2.8),  i.e.' 


s 

h 
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where  b^,  a^^  are  the  output  and  input  quantities  at  port  one  and  b2'» 
a2’  are  the  output  and  input  quantities  at  port  two.  This  equation  can 


be  rewritten  in  terms  o£  input  quantities  in  the  following  form 


b 


2 


A^D^-BiCi 

: DT" 


or  we  can  write  equation  C2.15)  in  the  siirpler  form  of 


fl(z) 

£2(2) 

£3(3) 

a ' 
2 


(2.15) 


(2.16) 


Note  that  for  a causal  digital  system  the  values  , £2(2).  ^3(2) 
and  £^(z)  are  of  the  form 


f(z)  = 


a.  + a,  2 ^ + 
0 I 

1 t-  b^z'^  + 


+ a-z'^  + — a^^z'^ 


+ b-z”^  + — b 2”^ 
1 n 


(2.17) 


Note  also  that  when  written  in  terms  of  positive  exponents  of  z,  the 
order  of  z in  the  numerator  must  be  equal  to  or  less  than  the  order  of  the 
denominator  for  causality.  With  this  in  mind  the  iterative  equations 
derived  from  equation  (2.15)  are 


and 


b,Cn)  = cua,  Cn)  Sia2'(n)  weighted  values  of  past  inputs  at 

port  one  and  port  two  plus  weighted 
values  of  past  outputs  at  nort  one 

(2.18) 


b2’(n)*  Qi_a^  (n)  + S_a  ' fn)  weighted  values  of  past  inputs  at 

^ ^ port  one  and  port  two  plus  weighted 

values  of  past  outputs  at  port  two 

(2.19) 

Note  that  a^,  a^,  6^^,  are  merely  weighting  constants,  and  equations 
(2.18)  and  (2.19)  are  both  causal  and  realizable. 


Now  if  the  input  a2’(n)  at  the  port  two  is  a function  of  b^'Cn)  of  the 
port  two,  i.e. 

a^'(n)  = Kb2'(n)  + weighted  values  of  past  input  and 
^ ^ output  values  at  port  two  (2.20) 

which  is  the  case  for  most  cascaded  two  port  systems  such  as  the  one 
shown  in  Fig.  2.5  the  equations  (2.18)  and  (2.19)  further  reduce  to 

bn  (n)  = a,a,  (n)  + e,Kb-,’(n)  + weighted  values  of  past 

^ inputs  and  outputs  at 

port  one  and  port  two  (2.21) 

and 

b2'(n)=  a2a,(n)  + B2Kb2’(n)  + weighted  values  of  past  inputs 
^ ^ ^ at  port  one  and  port  two  plus  the 

wei^ted  values  of  past  out- 
puts at  port  two  (2.22) 

Note  that  the  iterative  equation  (2.22)  is  not  causal  since  for  the  cal- 
culation of  b^' (n)  it  requires  b2'(n)  which  is  not  possible.  Thus  for 
the  causality  either  K must  be  eqiial  to  zero  or  ""^st  be  equal  to  zero 

which  are  two  distinct  cases. 

Case  1 

By  considering  Fig.  2.5  it  can  be  seen  that  a^',  b^'  are  merely 
the  port  one  quantities  of  the  second  stage.  Thus  if  we  are  going  to 
consider  the  first  stage  only  we  cannot  force  K to  be  equal  to  zero. 
Thus  the  only  variable  left  is  82  and  by  making  $2  equal  to  zero  we  can 
make  equation  (2.22)  a valid  equation.  This  condition  is  referred  to 
the  case  of  no  internal  delay  free  path  from  a2'  to  b2'  or  no  delay  free 
path  in  port  two.  Thus  to  implement  this  condition  the  order  of  the 
numerator  of  the  function  f^(z)  must  be  at  least  one  order  lower 

than  the  denominator. 
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Case  2 


As  it  was  noted  in  the  Case  1 since  2^2  , ^2'  merely  port  one 
quantities  of  the  second  stage. If  we  can  make  b^'(n)  of  the  second 
stage  to  be  independent  of  the  a^'(n)  of  the  second  stage  and  only 
dependent  on  the  past  inputs  and  outputs  of  the  port  one  of  the  second 
stage 1 then  we  have  actually  managed  to  make  a2'Cn)  of  the  first  stage 
to  be  independent  of  b2'(n)  of  the  first  stage.  This  can  be  done  by 
forcing  = 0 in  the  second  stage.  This  condition  is  referred  to 


the  case  of  no  internal  delay  free  path  from  a^^  to  b-j^  or  no  delay  free 

path  in  port  one.  Note  that  to  implement  this  condition  the  order  of 

Cz)  (z)  C^  Cz) 

the  numerator  of  the  function  f^Cz)  = D^Tzl 

least  one  order  lower  than  that  of  the  denominator. 


F.  SUNWARY 

In  this  chapter  we  have  reviewed  briefly  the  ground  work  required 
for  the  matched  two  port  wave  digital  filter  theory  and  design. 

The  contents  of  this  chapter  are  used  throughout  this  thesis.  No 
particular  mention  of  any  reference  has  been  made  since  most  of  the 
subjects  discussed  are  well  established  and  details  can  be  found  in  most 
digital  filter  design  handbooks  or  papers.  It  is  worthwhile  to  note 
that  the  concept  of  delay  free  feedback  path,  though  inportant,  in  most 
papers  reviewed  were  merely  stated  without  any  proof.  Thus  in  this 
chapter  an  attempt  was  made  to  prove  it  in  the  most  general  sense. 


III.  general  discussion  on  sensitivity  theory 
related  to  wave  digital  filt^ 


A.  DfTRDDUCTION 

The  main  intent  o£  this  chapter  is  to  start  with  the  low  sensitivity 
properties  of  the  doubly  terminated  analogue  LC  structure  and  then  extend 
this  property  to  the  wave  digital  filter.  Later  on  in  the  chapter  we 
explain  briefly  the  development  of  wave  digital  filter  theory.  It  is  not 
the  intention  to  go  into  details,  but  merely  to  give  an  overview  of  pre- 
vious works  for  which  full  development  is  available  in  the  references. 

Another  objective  of  this  chapter  is  to  briefly  discuss  the  different 

wave  digital  filter  structures  and  algorithms  which  are  all  called  wave 
digital  filters,  each  structure  having  its  own  characteristics  and  limita- 
tions. The  newcomer  to  this  field  will  be  astonished  by  the  many  differ- 
ent structures  and  algorithms  which  are  present  in  the  literature}  all 
of  them  are  offered  under  the  same  name  of  wave  digital  filter. 

Later  in  this  chapter  a natural  development  of  the  wave  digital 
filter  theory  is  traced  from  the  initial  conjecture  of  Fettweis  up  to 
the  present  day  state  of  the  art. 

B.  DEFINITION  OF  SENSITIVITY 

The  term  sensitivity  of  a certain  filter  structure  has  a broad  mean- 
ing, and  the  literature  is  full  of  different  definitions  for  sensitivity 
functions  meeting  a specified  requirement.  But  in  general  all  of  the 
definitions  end  up  more  or  less  to  the  following: 
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As  the  filter  element  values  or  coefficients  are  varied  about  their 
true  value,  the  filter  pole  aid  zero  locations  are  shifted  correspond- 
ingly, causing  a change  in  the  magnitude  and  phase  characteristic  of  the 
filter.  A mean  shift  in  the  characteristic  can  be  conputed  on  a point  by 
point  basis  and  used  as  a figure  of  merit,  but  it  may  be  meaningless 
when  determining  whether  or  not  the  original  filter  specifications  are 
met.  Therefore  sensitivity  must  be  interpreted  in  terms  of  several 
factors  to  include  such  parameters  as  bandwidth,  cut-off  frequency, 
ripple  in  the  pass  and  stop  band,  etc.  Several  sensitivity  functions 
are  most  commonly  used.  They  are 

(i)  Q sensitivity  and  pole  frequency  sensitivity 

Cii)  Root  sensitivity 

Ciii)  Coefficient  sensitivity 

Civ)  Frequency  response  sensitivity,  etc. 

Note  that  most  of  these  sensitivity  functions  are  meaningful  and  for 
most  cases  there  is  a relationship  between  most  of  these  sensitivity 
functions  with  each  other  [12]. 

Since  in  this  thesis  we  are  mainly  interested  in  the  parameter  or  co- 
efficient sensitivity,  thus  no  discussion  of  the  other  sensitivity  func- 
tions will  be  made. 

C.  DEFINITION  OF  PARAMETER  SENSITIVITY 

For  the  fmction  HCCt  , C-,...,  C. ,...,  C ),  where  H is  a function 
of  multiparameter  CCj^,  C^,...,  C^^),  the  parameter  sensitivity 

H of  the  system  to  any  change  of  variables  or  elements  is  defined  in 
several  ways 

i)  S » • Tp  , logarithmic  or  (3.1) 

'^i  factorial  sensitivity 
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(3.2) 


9H 

ii)  S = — , derivative  sensitivity 

• ■ ■ ^ c 9H  1 „ e 3H  „ . T ... 

Ill)  S = -^  •rjOrS  = Tr7T  C-  , senu-logarithmic 

^^i  ” “"^i  ^ sensitivity 

and  all  of  these  sensitivity  functions  are  discussed  fully  in  the  literature 
[12],  [13],  [14],  [15]. 

D.  QUANTIZATION  ERROR  IN  DIGITAL  FILTERS  AND  ITS  SENSITIVITY  EFFECT 
Although  tolerance  problems  which  exist  in  the  physical  world  in  the 
case  of  analogue  filters,  do  not  exist  as  such  for  digital  filters,  still 
there  is  an  interest  in  obtaining  structures  with  low  sensitivity  to  para- 
meter variations.  There  are  several  reasons  for  this.  The  primary  reason 
is  the  fact  that  the  structures  with  low  sensitivity  are  less  affected  by 
coefficient  truncation.  Thus  element  values  or  coefficients  with 
shorter  word  length  are  sufficient  for  meeting  a given  specification. 

The  second  reason  stated  and  proved  by  Fettweis  [10]  is  that  there  exists 
a relationship  between  sensitivity  with  respect  to  multiplier  variation 
and  the  round  off  noise  at  the  output  of  a digital  filter.  Thus  any 
improvement  in  the  sensitivity  would  result  in  a reduction  in  the  corre- 
sponding round-off  noise  at  the  output. 

In  order  to  compare  the  coefficient  sensitivity  of  different  digital 
structures  Ku  and  Ng  [8]  have  used  a root  mean  square  error  criteria  in 
the  frequency  response  given  by 

N 

^nns  = H [WC(.i)[AH(u)i)]^]^  (3.3) 

i=0 

Note  that  this  criteria  is  in  the  frequency  domain  and  is  based  on  the 
deviation  of  the  magnitude  of  the  finite  precision  output  from  the  ideal 
or  infinite  precision  output. 
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(3.4) 


Thus  AH(a)^)  is  defined  as 

AHCoi.)  = IhCoj.)  - H^Co).)! 

where  is  the  magnitude  of  the  ideal  output  at  frequency  w^and 

H((i)^)  is  the  magnitude  of  the  finite  precision  output  at  frequency  and 
W(cj^)  is  the  weight  chosen  to  reflect  the  relative  inportance  of  error  at 
various  frequencies, and  N is  the  number  of  sample  points  in  the  frequency 
domain. 

Furthermore  in  order  to  equalize  the  effect  of  the  various  coeffi- 
cients, floating  point  arithmetic  is  used  rather  than  fixed  point 
arithmetic,  during  the  process  of  rounding  off  of  the  coefficient  to 
the  required  number  of  the  bits.  Note  that  more  details  and  implementa- 
tion of  the  idea  are  left  for  Chapter  V where  we  investigate  case  studies 
based  on  bit  quantization  error. 

E.  SENSITIVITY  OF  LC  LADDER  STRUCTURES 

It  is  a well  known  fact  that  the  doubly  terminated  analogue  LC 
ladder  structures  are  relatively  insensitive  to  element  value  changes. 

To  prove  this  fact  most  researchers  have  used  the  theory  of  the  total 
conservation  of  input  and  output  power  quantities  in  a reactive  lossless 
network,  the  discussion  of  which  is  interesting  but  it  not  in  the  scope 
of  this  thesis.  A very  good  review  is  made  in  this  respect  by  Renner 
and  Gupta  [7] . 

Thus,  it  is  a reasonable  assumption  that  the  digital  filter  derived 
directly  from  the  topology  of  a resistively  terminated  analogue  lossless 
structure  would  have  the  same  favorable  sensitivity  properties  as  its 
analogue  counterpart. 

To  show  the  low  sensitivity  of  wave  digital  filters  by  the  conven- 
tional n port  scattering  matrix  network  theory,  Fettweis  [10]  defines  the 
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instantaneous  ' ’pseudopower"  transmitted  through  a wave  port  k with  port 
input  resistance  by  the  means  of  the  equation 


(3-5) 


where  is  the 
aj.  is  the  total 
wave  at  port  k, 
relationship 


total  instantaneous  pseudopower  input  through  port  k and 
input  wave  at  port  k and  bj^  is  the  total  reflected  output 
Similarly  he  defines  steady  state  pseudopower  by  the 


(3-6) 


where  and  and  are  the  steady  state  values  of  a^,  b^,  respec- 
tively at  an  arbitrary  frequency  "f".  In  this  way  he  then  shows  that  for 
all  wave  digital  building  blocks  which  are  derived  from  the  LC  doubly 
terminated  ladder  structures,  the  total  sum  of  instantaneous  pseudopower 
absorbed  by  all  ports  is  equal  to  zero,  i.e. 


t 

k»l 

vdiere  n is  the  total  number  of  the  ports  of  the  wave  digital  subelement 
or  building  block  and  p.  is  the  instantaneous  pseudopower  at  port  k. 

Similarly  he  also  proves  that  the  total  steady  state  pseudopower 
absorbed  by  all  building  blocks  of  a terminated  wave  digital  filter  at  an 
arbitrary  complex  frequency  "f”  is.  equal  to  zero,  i.e. 

i)  fk-o 

k-l 
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where  Pj^  is  the  steady  state  pseudopower  at  an  arbitrary  coinplex  frequency 
£,  and  n is  the  total  number  of  the  ports  of  the  wave  digital  building 
block.  The  low  sensitivity  property  then  follows  from  the  zero  pseudopower 
relationships.  Although  power  has  physical  meaning  in  analogue  circuits  its 
meaning  in  digital  filter  algorithms  is  nebulous. 

F.  PREVIOUS  WORKS  ON  THE  DEVELOPMENT  OF  THE  WAVE  DIGITAL  FILTERS 

In  the  previous  section  we  discussed  the  favorable  low  sensitivity  to 
parameter  variation  properties  of  LC  ladder  structures.  It  was  this  fact 
that  led  Fettweis  to  propose  the  idea  of  wave  digital  filters  in  1970  [3], 
derived  from  the  doubly  resistive  terminated  LC  ladder  structures.  Since 
then  numerous  papers  relating  to  the  wave  digital  filters  have  been  presented. 

To  understand  the  wave  digital  filters  and  the  state  of  art,  it  is 
necessary  to  summarize  the  state  of  evolution  of  the  wave  digital  filters. 

Partial  credit  of  the  development  of  the  wave  digital  filters 
can  also  be  given  to  Richards  [1],  Kuroda,  Ozaki  and  IshiL[2]  and  numerous 
other  researchers  who  contributed  to  the  development  and  synthesis  of  the 
strip  line  filters  and  also  resistor-transmission  line  circuits. 

The  basic  idea  behind  wave  digital  filter  development  from  the  beginning 
was  to  keep  the  desired  low  sensitivity  of  lumped  LC  resistively  terminated 
filters  in  the  already  developed  analogue  domain  and  transfer  it  to  digital 
domain  with  very  minor  modifications. 

Ideal  strip  line  filter  and  transmission  line  circuits  having  inherent 
LC  structure  is  an  ideal  starting  point.  To  avoid  the  loading  effect  of 
one  element  of  the  LC  strip  line  upon  the  succeeding  and  preceding  elements, 
Ozaki  and  Ishii[2]  introduced  the  idea  of  inserting  unity  element,  or  the 
lossless  transmission  line  acting  as  an  ideal  transformer  (which  was  already 
developed  by  Kuroda  and  known  as  Kuroda 's  identity) , between  the  stages  as 
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a lossless  matching  element. 

In  a more  detailed  paper  Fettvfeis  [4],  in  order  to  arrive  at  realiz- 
able signal  flow  diagram,  used  wave  quantities  instead  of  the  usual 
current  and  voltage  input  qioantities  to  the  conventional  filter.  Actually 
in  using  the  wave  quantities  as  input  and  output  signal,  Fettweis  made 
use  of  the  already  developed  scattering  parameter  matrix  theory  of  the  n 
port  networks.  In  order  to  avoid  the  loading  effect  of  one  section  upon 
the  other,  and  thus  to  eliminate  the  unwanted  ndsmatch  reflections  between 
sections,  he  en^jloyed  unit  element  or  inpedance  transformer,  known  as 
Kuroda's  identity  [2]. 

Although  with  the  introduction  of  the  unity  element  a desirable  re- 
sult was  achieved  in  realizing  the  LC  filter  structures,  this  introduc- 
tion further  increased  the  number  of  required  operations  (niainly  multipli- 
cations) over  the  conventional  digital  filter. 

In  order  to  avoid  the  unity  element  several  attenpts  were  made  by 
different  researchers,  Sedlmeyer  and  Fettweis  [5],  Van  Haften  and  Chirlain 
[6],  and  others,  to  eliminate  the  need  for  unity  elements  or  impedance 
transformers  between  the  cascading  sections.  One  of  the  attempts  was  made 
by  Fettweis  [5]  and  later  on  the  method  was  renamed  by  Ku  and  Ng  [8]  as 

the  "new  Fettweis  nethod."  The  new  Fettweis  method  forced  one  of 
the  scattering  multiplier  coefficients  in  the  three  port  network  to  be 
equal  to  1,  thus  a two  port  element  was  made  from  the  three  port  element. 
By  starting  at  one  port  and  progressing  forward  towards  the  other  port, 
and  by  suitable  choice  of  input  inpedance  of  the  next  section  (i.e. 
matching  the  output  inpedance  of  one  section  to  the  succeeding  section) , 
the  need  for  unity  element  or  impedance  transformer  matching  was 
eliminated. 
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Van  Haften  and  Chirlain  [6]  next  came  vp  with  the  idea  of  cascading  the 
wave  digital  three  port  section  directly  without  the  unity  element  but 
taking  into  account  the  approximate  attenuation  of  one  section  upon  the 
next  section,  thus  eliminating  the  need  for  unity  element  and  extra 
multiplications  associated  with  it.  At  the  same  time  this  introduced 
errors  associated  with  the  calculation  of  the  approximate  attenuation  of 
one  section  upon  the  other. 

S.  Erfani  and  B.  Peikari  [9]  and  N.  S.  Swamy  and  K.  S.  Thyagarajan 
[llj  at  the  same  time  came  up  with  a new  approach  to  eliminate  the  unity 
element.  This  technique  is  the  basis  of  the  further  investigation  in  this 
thesis,  and  details  are  given  in  Qiapter  IV  and  other  chapters. 


References 


k 


1.  Paul  I.  Richards,  Resistor  transmission  line  circuits,  Proceedings 
of  IRE,  February  1948,  pages  217-220. 

2.  H.  Ozaki  and  J.  Ishii,  Synthesis  of  a class  of  strip  line  filters, 

IRE  Transactions  on  Circuit  Theory,  Vol.CT-5,June  1958, pages  104-109. 

3.  Alfred  Fettweis,  Some  principles  of  designing  digital  filters 
imitating  classical  filter  structures,  lEE  Transactions  on  Circuit 
Theory,  March  1971,  pages  314-316. 

4.  Alfred  Fettweis,  Digital  filter  structures  related  to  classical 
filter  networks,  Archiv  fur  Elektronik  und  Vbertrangmgstechnik, 

Vol.  25,  No.  2,  February  1971,  [text  written  in  English]. 

5.  Axel  Sedlraeyer  and  Alfred  Fettweis,  Digital  filters  with  true  ladder 
configuration,  lEE,  Circuit  Theory  and  Applications,  Vol.  1,  5-10, 
1973. 

6.  D.  Van  Haften,  An  analysis  of  errors  in  wave  digital  filters. 

Doctoral  dissertation,  1977,  Stevens  University. 

7.  K.  Renner  and  S.  C.  Gipta,  On  the  design  of  wave  digital  filters 
with  low  sensitivity  properties,  IEEE  Transactions  on  Circuit 
Theory,  Vol.  CT-20,  No.  5,  September  1973,  pages  555-567. 

8.  W.  H.  Ku  and  S.  M.  Ng,  Floating  point  coefficient  sensitivity  and 
rotnd-off  noise  of  recursive  digital  filters  realized  in  ladder 
structures,  lEE  Transactions  of  Circuits  and  Systems,  Vol.  CAS- 22, 

No.  12,  December  1975. 

9.  S.  Erfani,  Design  of  fixed  and  variable  digital  filters  using 
generalized  delay  units,  Ph.D.  dissertation,  1976,  Southern  Methodist 
Lftiiversity,  Dallas,  Texas. 

10.  Alfred  Fettweis,  Pseudopassivity,  sensitivity,  and  stability  of 
wave  digital  filters,  IEEE  Transactions  on  Ciraoit  Theory,  Vol.  CT- 
19,  No.  6,  November  1972. 

11.  K.  S.  Thyagarajan,  One  and  two  dimensional  wave  digital  filters  with 
low  coefficient  sensitivities,  1977,  Doctoral  dissertation,  Concordia 
University,  f-fontreal,  Canada. 

12.  G.  C.  Teraes  and  S.  K.  ?4itra.  Modem  filter  theory  and  design. 

Chapter  8,  1973,  Pihlished  by  John  Wiley  and  Sons. 

13.  S.  R.  Parker,  Sensitivity  analysis  and  models  of  nonlinear  circuits, 
IEEE  Transactions  on  Circuit  Theory,  Vol.  Cr-16,  No.  4,  Novenher  1969. 


14.  R.  Toraovic  and  M.  Vukobrato-vic,  General  sensitivity  theory,  1972, 
American  Elsevier  Publishing  Conpany,  Inc.,  New  York. 

15.  S,  R.  Parker,  Sensitivity  old  questions,  some  new  answers,  lEE 
Transactions  on  Circuit  Theory,  Vol.  Cr-18,  No.  1,  January  1971. 


IV.  GENERAL  THEORY  OF  THE  WAVE  DIGITAL  FILTER 


A.  INTRODUCTIOf4 

The  intent  of  this  chapter  is  to  derive  the  generalized  algorithm 
for  a two  port  wave  digital  filter  on  a step  by  step  basis  using  the 
principles  of  the  circuit  theory,  matrix  algebra,  and  scattering  matrix 
wave  theory. 

The  resulting  algorithms  are  summarized  in  two  tables  in  section  E. 
Also,  two  illustrative  exanples  are  given,  example  one  being  a simple 
element,  suitable  for  matched  source;  and  exaiiple  two  being  a conplex 
element,  suitable  for  a matched  load. 

It  must  be  emphasized  that  the  techniques  used  to  derive  the  wave 
digital  algorithms  in  this  chapter  are  more  general  than  the  previous 
works,  in  the  sense  tliat  only  one  algorithm  is  derived  for  both  series 
and  shunt  element.  Also  the  effect  of  sampling  time  is  introduced  into 
the  algorithms. 

B.  DERIVATION  OF  THE  GENERALIZED  TRANSFER  RATIO 

FOR  A TWO  PORT  mWE  DIGITAL  FILTER  ALGORITHM 

Consider  the  two  port  network  N^^  of  Figure  4.1b  whose  inputs  are  a^ 
and  32  and  outputs  are  bj^  and  b2.  In  order  to  use  the  chain  matrix  theory 
developed  earlier  (Chapter  II,  Section  B-D)  we  need  to  find  port  two 
input  and  output  waves  a2,b2  in  terms  of  port  one  input  and  output  waves 
a^,bj^  or  vice  versa. 


R v,  ->R 


Network  N 


Fig.  4.1a. 


[0 


Network  N, 


Fig.  4.1b. 


Fig.  4.1.  Two  generalized  representations  of  a two  port  network. 

Fig.  4.1a  representation  in  terms  of  voltage  and  current 
quantities.  Fig,  4.1b  representation  in  terms  of  scatter 
ing  matrix  wave  quantities.  Note  that  R-j^  is  tire  input 
iTTiptxlanre  of  the  network  and  R2  is  the  output  iji5)ed^ce 
of  tlie  network.  is  the  source  impedance  and  is  the 
load  impedance. 
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Thus  considering  the  scattering  matrix  model  of  Figure  4.1b,  we  have 


- - 

— _ 

1 R, 

^1 

= 

(4.1) 

1 -R, 

'1 

^2 

1 R2 

^2 

= 

(4.2) 

^2 

1 -R2 

^2 

/ 

— — 

— ^ 

where  and  R2  are  port  inpedances  of  port  one  and  port  two  respectively. 

Note  that  ^2 ’^2  voltage  waves.  Now  in  order  to  find 

a2,b2  in  terms  of  a^^jb^  we  have  the  chain  matrix  of 


C4.3) 


Equations  (4.1)  and  (4.3)  lead  to 


— 

— 

— 

— 

— — 

a. 

1 

R, 

A 

B 

V, 

1 

1 

2 

bl 

1 

C 

D 

^2 

— — 

— 

— 

— 
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e 


or 


A + R^C 

B -t-  R^D 

■''2' 

A - R^C 

B - RjD 

I2 

But  from  equation  (4.2) 


or 


-1 


- — 

- 

— 

X 

— — 

1 

a. 

2 

2 

2 

h_ 

1 

_ \ 

1 ^ 

1 

h 

1 

- ^sRo 

u 

*^2 

(4.4) 


(4.5) 


Thus  equations  (4.4)  and  (4.5)  lead  to 


=‘1 

A+ILC 

2 * 2R2 

A+R^C 

”7“ 

2IJ 

A-R,C 

A-R,C 

^ * il, 

1 

“2“  * 

4 ff-V) 

(4.6) 


or 

U 

X 

^2 

V 

< 

^2 

where 

u = 

A+R^C 

(B+RiD) 

A+R,C  , 

^ - 2Rj 


(4.7) 


(4.  7a) 


(4.  7b) 
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(4.7c) 


1 

— r~  2R2 


(B-R^D) 


< 


A-R^C 

~2~ 


- 4 


Thus  from  equation  C4.7)  we  have 


b,  = — a,  + [k  - — ) a^ 

1 u 1 y 2 

u - 1 ^ 

D"5  " di^  Si'j 

2 u 1 y 2 


(4.7d) 


(4.8) 

(4.9) 


and  the  appropriate  wave  flow  diagram  is  drawn  in  Figure  4.2. 
Note  that 


V = V - T R 
1 s Is 


^2  = - ^2^ 


Thus  equations  (4.2)  and  (4.11)  lead  to 


so  that 


vdiere 


^2  “ ^2  ^^2 
*^2  ~ ^2  ’ *^2^2 
^2  = - 


^2  “ ^2*^ 


\ ^ 
h * ^2 


(4.10) 

(4.11) 


(4.12) 

(4.13) 


(4. 13a) 
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and  also  equations  (4.1)  and  (4.10)  lead  to 


so  that 

where 


ai  = Vi  + 


bi  = 


Vi  = V3  - I,R3 


a,  + eb,  = (1  + 0) 


9 = 


^1  - ^s 

Rl  - R3 


(4.14) 


(4.15) 


\Vhere  is  the  input  voltage.  Thus  from  equations  C4.13)  and  (4.14)  we  have 


H(z)  = ^ 


Vs  2 


aj_Lzj+ebj^(z) 


(4.16) 


Note  that  for  9 = 0,  from  equation  (4.15),  ^ 


Vs  = ^s  = h 


and 


H(z)  = iil4l  • ^ 


(4.17) 


For  <t>  = 0,  from  equation  (4.13a),  R^  = R^  and  from  equation  (4.12)  ^2  = 0. 
Thus  from  equation  (4.16) 


n+fli  b^(z) 
H(2)  = iilii  • 


2 a^(z)+9bj_(z) 


(4.18) 


or 


H(z) 


1+9 


b2(z) 


2(1  + 9 ^) 


(4.19) 


The  general  realization  with  the  aid  of  equations  (4.11),  (4.14)  and 
(4.17)  is  shown  in  Figure  4.3. 

C.  REALIZATION  OF  TWO  PORT  WAVE  DIGITAL  STRUCTURE 

Theoretically  LC  passive  structures  such  as  ladder,  lattice  and  nost 
of  the  other  symmetrical  structures  can  be  reduced  to  a form  of  Figure  4.4 
which  is  the  'T'  form  with  positive  or  negative  element  values.  Note  that 
in  A B C D matrix, the  direction  if  I2  is  in  the  direction  as  shown  in 
Figure  4.4  and  or  Z^  can  be  positive  or  negative  capacitors,  inductors 

and/or  tank  circuits  with  positive  or  negative  element  values. 

The  A B C D matrix  of  Figure  4.4  as  per  equation  (4.3)  is  found  from 
the  equations 


V = V + IZ  + IZ 
1 2 2 3 1 1 


CIl  - l2)“2  = ^2  - I 


7 

2“3 


and  the  A B C D matrix  is 


'^1 

^1  ^1^3 

1 + .,  Z 7 

h 1 “3  Z^ 

^2 

7 

h 

i_  l.J. 

-7  •**  *7 

4-7 

h 

- _ 

(4.  20) 


Thus 


= 1 + 

^2 

(4.  20a) 

7 

^1^3 

(4.20b) 

II 

(4. 20c) 

(4.  20d) 

S3 


9 = 


Rl^Rs 


<t>  = 


Fig.  4.3.  General  realization  of  a two  port  network  with  input 

and  output  waves.  Note  that  a^  is  the  input  voltage  wave. 


Note  that  for  a single  series  element  as  per  Figure  4.5 


and  equation  (4.20^ 


and  for  a single  shunt  element 


Z2  as  per  Figure  4.6  and  equation  C4.20) 

Zi  = 0 


Now  we  can  easily  find  the  values  of  v,  A,  p,  < of  equation 
Thus  equations  C4* 7a)  and  (4.20)  lead  to 


(4.7). 


% ^ 


h * 


(Rj  . zpCRj  * Zj) 


P = 


(4.  21) 


2Ro 


and  equations  (4.7b)  and  (4.2Qj  lead  to 


-Rj^  + R2  - Zi  - Z3  + 


(Rj^  ^2^)  (R2  ■ Z3) 


A = 


2R2 


(4.  22) 


( 
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V 


I J 


Fig.  4.5.  A general  two  port  with  series  element  only. 

Note  that  and  are  input  impedances  of 
Port  1 and  ^Port  2'^respectively. 


Fig.  4.6.  A general  two  port  with  shunt  element  only. 

Note  that  R,  and  R2  are  input  impedances  of 
Port  1 and  "^Port  2 respectively. 


equations  (4.7c)  and  (4.20)  lead  to 


-R^  • Rj  t Zi  * Zj  * 


(-Rj  t Zj)  (Rj  * Zj) 


V = 


2R. 


(4.  23) 


equations  (4»7d)  and  (4.20)  lead  to 


+ R2  - Zi  + Z3 


(Z^  - Ri)CR2  - Z3) 


< = 


2R2 


(4.24) 


Thus  the  elements  o£  Figure  4.2  will  be 


1 

u 


2R2 


Ri  > R2  > Zi  V Z3  ^ 


(4.25) 


V _ 

V 


-Rl  + R2  + Z^  ^ Z3  + 


C-Ri  + Zi)  (R2  2.3) 


^2 


Rj  . Rj  t Z^  . Zj  . 


( R^  + Z^)  (R2  ■*■23) 


(4.26) 


Xv 


2Ra 


< - 


Rj  * Rz  . Z^  . Zj  . 


( Rl  + Z^)  (R2  - 23) 


(4.27) 


■'i  - "2  * ‘1  * "s 


( R^  . Zj)  (Rj  - Zj) 


n ( [L  . Z )(R  - Z ) 

Z^ 


(4.28) 


Note  that  for  the  single  series  element  of  Figure  4.S  the  equations  (4*25), 
(4  .26),  (4.27),  (4.28)  reduce  to 


(4.  29) 


'h*  h* 

+ 2^ 


(4  .30) 


Rj^  + Rz  + 


(4.31) 


Rj^  - Rz  + Zi 


(4.32) 


and  for  a single  shiont  element  of  Figure  4.6  the  aforesaid  equations  will  be 


Gi  - Gz  - Yz 


-Yi  • ^z 

Gz 


(4.33) 


(4.34) 


Yz  - G^  ^ Gz 


(4.35) 


-^2  ^ ^1  - ^2 

Yz  - Gi  - Gz 


(4.  36) 


where 


'2  1^ 


Y,  . i 


D.  DERIVATION  OF  GENERALIZED  ALGORITHM  IVITH  NO  DELAY  FREE  PATH  IN 
PORT  ONE  OR  SIMILARLY  WITH  NO  DELAY  FREE  PATH  IN  PORT  TWO 

The  wave  flow  diagram  of  Figure  4.2  is  not  suitable  to  be  used  in 

the  chain  matrix  equation, since  most  probably  it  has  delay  free  paths 

between  a^^  to  b^^  and  ^2  to  b2  which  we  have  not  analyzed  as  yet,  and  if  so 

it  is  not  desirable.  Thus  by  a careful  choice  of  either  R^  or 

R we  can  force  the  wave  flow  from  either  a to  b to  have  no  delay  free 

path,  or  from  a2  to  b2  to  have  no  delay  free  path;  but  not  both  of  them 

since  we  have  only  one  variable  to  adjust,  and  that  is  either  Rj^  or 

^2‘ 

The  delay  free  wave  flow  for  the  case  of  no  delay  free  path  from  a^^ 
to  bj^  for  a three  section  filter  is  shown  in  Figure  4.7  and  the  delay 
free  wave  flow  for  the  case  of  no  delay  free  path  from  a2  to  b2  for  the 
same  section  filter  is  shown  in  Figure  4.8. 

Note  that  a close  examination  of  Figure  4.7  and  Figure  4.8  still 
reveals  a delay  free  feedback  loop  at  the  terminating  points.  Thus  to 
make  the  sections  of  practical  value,  (J>  nust  be  forced  equal  to  zero  for 
Figure  4.7  implying  that 

\ ■ '^2 

and  for  the  Figure  4.8,  8 must  be  forced  equal  to  zero  iuplying  that 

® * 0 or  Rg  - Rj"  C4.38) 

Thus  the  updated  and  useful  delay  free  wave  flow  diagrams  would  be  as  per 
Figures  4.9  and  4.10.  Note  that  in  the  first  case  we  have  to  start  at 
load  end  and  work  our  way  through  to  the  source  end,  and  in  the  second 
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case,  i.e.  Fig.  4.10,  we  have  to  start  at  the  source  and  work  through  to 
the  load  end.  Alternately  we  can  start  from  both  ends  and  progress 
towards  each  other.  Where  they  meet  we  have  to  introduce  a transformer 
or  unit  element  such  as  Kuroda's  identity,  but  this  is  not  really 
recommended  since  it  introduces  further  complications.  This  approach 
is  not  desirable  and  is  to  be  avoided. 

Now  with  the  aid  of  formulas  (4.25),  (4.26),  (4.27),  (4.28), 
we  can  cascade  as  many  elements  in  a section  as  complex  as  Figure  4.4 
or  as  sinple  as  Figure  4.5  or  Figure  4.6. 

Note  that  the  element  values  Z^,  Z2  and  must  be  in  s domain, 
and  for  digitization  we  use  the  bilinear  transformation 


^ " T (zH) 


(4.39) 


where  T is  the  sampling  period  of  the  digital  filter. 

Example  4-1 

Series  L,  no  delay  free  path  from  a,  to  b, , the  case  of  a simple 

With  reference  to  Figure  4.2,  v/p  must  have  no  delay  free  path,  and 
the  aim  is  to  find  given  R^,  the  load  end  terminating  resistance. 

From  equation  (4  .30) 

V _ ^1  ' ^1  ^ 

U = Zi  ^ Rl  ^ R2 

and 

- 2 (z-1) 

n " " T (z+1)  ^ 

Thus  2L 

z.(^  + R^  - R^)  + (R2  - R^  - ^) 

^ = (4.40) 

2.(^  + R^  + R2)  + (R^  + R2  - ^) 


4 
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for  ^ to  be  with  no  delay  free  path  from  equation  C4.40) 

f -Rj-O 

n 2L 

which  leads  to  ^1  “ ^2  ^ T” 


(4.  41) 


Thus  from  equations  (4.29),  (4.30),  (4.31),  (4.32),  (4.38),  (4. 39) , (4.41) 


we  have 


1 R? 

— = where  a = — 

y 2+a 


1 

u 


^1 


2R 

+ R- 


< 


a(z->-l) 

(z+a) 


Xv 

y 


= 

z+a 


R, 


^2  ^ ^1 


R^  + Ro  + 


(4.42) 


(4.43) 

(4.44) 


(4.45) 


= z(l-g) 

z+o 


r 


Thus  the  output  equations  for  series  L with  no  delay  free  path  from  a^  to 


are 


or 


^'1  o ^ n 

2+a  1 2+a  2 


g(2+l)  a + 2(l-a) 


z+a 


z+a 


-1 


(4.46) 


(4.47) 


and  the  iterative  equations,  corresponding  to  (4.46),  (4.47)  are 

b^(n)  = (a-l)a^(n-l)  + a2(n)  + a2(n-l)  - ab^(n-l)  (4.48) 

b2(n)  = aa]_(n)  + aa^(n-l)  + (l-a)a2(n)  - ab2(n-l)  (4.49) 

With  zero  initial  conditions,  i.e. 


The  equations  (4.48),  (4.49)  can  be  rewritten  as 


b^  = a(x^ 

- Xj)  - ^ * ^2 

(4.50) 

b2  = a(a]. 

- ^2  + - x^)-  a2 

(4.51) 

and  updated  equations 

^ = "l 

(4.52) 

II 

X 

(4 . 53) 

X3  = 32 

(4.54) 

X4  = b2 

(4.55) 

Note  that  there  is  only  two  nultiplications  for  each  iteration. 
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An  example  of  designing  the  composite  series  and  shunt  element  with 
no  delay  free  path  on  port  two. 

As  an  exanple  of  a conposite  series  and  shunt  algorithm,  let’s  con- 
sider the  two  element  section  of  Fig.  4.11.  The  aim  is  to  derive  the 
wave  flow  algorithm  with  no  delay  free  path  from  a2  to  b2.  From  equation 
C4.28)  we  have 


y ~ + R2  sL  + (R^^  sL)  R2  sC 

Rj_  - R2  + sCL  - R^R2C)  - s^(R2LC) 

R^  + R2  + s[L  + R^R2C)  + s^(R2LC) 


2 (z-1) 

^ ■ Tizny 


where 


A2^  ^ B2Z  > C2 

+ B^z  + 


A2  = Ri  - R2  - ^ 


2Rj^R2C  4R2LC 


4R  LC 


C2  =R, 


2L  2R1R2C  _ 4R2LC 
z * T T 


h ^ * ^2  T* 


2L  2R^R2C  4R2LC 
T T 


4R2LC 


= 2(R]^  + R2  - 2 ^ 


Cl  =R, 


yr  2R-  R^C  4R'^I 
+ R^  + — =-^  + — r 


2 T 


with  reference  to  Fig.  4.2  for  no  delay  free  path  on  port  two,  - - must 
have  no  delay  free  path,  thus 
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This  leads  to 


R-  = 


R,  . ^ 

‘i  t 


+ 

^ T 


(4.57) 


Thus  from  equations  (4.57)  and  (4.28)  we  have 


where 


Szz'^  * YzZ'^ 


^ * Y 2^ 

1“ 


^ l + SiZ^  + YiZ 


3-7 


^2 


6i  = 


Yi  “ 


T jZ 

T 

(Rj  * f')a  * 

T x^  ^ 

11 

8L^C 

~T~  T 

T^r 

(Rj  . f)  Cl 

2RiC  4LC 

-7^ 

. 21.  . sA 

T T 

(R^  (^ 

^ ^ 4LC 

T ”7 

(R^  -f^)(l  -^>^) 


T X 

and  from  equations  (4.57)  and  (4.25)  we  have 


1 63 


1 * * YjZ'^ 


where 


1 + 


nqr 


4LC 

— I 

T 
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(4.58) 


(4.  59) 


and  from  equations  (4*57)  and  (4-^27)  we  have 


K - 


^ 1 + B^z'^  + Y^z'^ 


(4.60) 


where 


and  from  equations  (4.57)  and  (4,26)  we  have 

-6-z'^  - Y, 

V _ 2 2 


y -1  -2 

1 + e^z  ^ + Y^z  ^ 


(4.  61) 


Thus  the  wave  flow  algorithms  for  the  con^wsite  element  with  no  delay 
free  path  from  a.2  to  62  will  be 


8,(l+z'^)^  B,z‘^  + Y2z‘^ 

b = ^ + —£ a2 

^ -1  -2  -1  -2 

1 f B^z  + Yj^z  1 + B^z  + Yj^z 

-B2z‘^  - Y2  B4(1+z'^)^ 

b-i  — ——————  2 ^ g 

4 -1  -2  4 .1  .7  ^ 

1 + B^Z  ^ + Yj^z  ^ 1 + B^Z  ^ + y^z 


(4-62) 


(4.63) 


or 


b2(n)  * 2B2aj^(n-l)  + B^a^(n-2)  + B2a2(n-1)  (4.64) 

+ Y2a2(ri-2)  -6^62 (n'l)  - Yib2(n-2) 
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-6j^bj^Cn-l)-Y3^bj^Cn-2) 


(4.65) 


and  the  iterative  equation  corresponding  to  equations  (4.62),  (4.63)  with 
initial  conditions  set  to  zero,  i.e. 


= 0 i=l,8 


will  lead  to  the  iterative  equations  of 


. - Sjx,  - y^xj 

(4.  66) 

<■  X4J  - SjX;  ■ YjXg 

(4.67) 

with  updated  equations  of 


xi  = a^ 


x^  *xi 


^3  = ^2 
^4  “ ^3 
^5  = ‘’l 
^6  ’^5 
x?  = b2 


Xg  = X7 
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(4.  68) 


Note  that  there  are  12  multiplications  with  six  coefficients,  i.e.  a's, 
g’s,  y's.  It  is  interesting  to  note  that  since  in  this  exanple  we 
originally  had  two  elements,  i.e.  Series  L,  and  shunt  C with  input  im- 
pedance Rj^.  Thus  we  expect  the  a's,  8's,  and  y's  to  be  functions  of  R^, 
L,  and  C only.  This  can  be  easily  shown  by  identifying  two  new  variables 
a and  8 such  that 

2L 

T 


8 = 


1 + 


2Rj^C 


4LC 


Then 


LB  - r.M 

a " ^1  1-a 
1 - 2a  + 6(a+l) 


Yl  = BCl-ct) 


62  = 1 - BCl+ci) 


Y2  = 1 - 2a  + 8Cct-l) 
83  = 8 
64  = 1-a 


R-  = -r-  is  more  general  even  for  the  case  Ri  =Rc=0  which  makes  a=l  and 

^ ® ("si  0 ^ 

l-a*0  and  if  we  use  ^2  “ ^ becomes  ^ vduch  is  indefinite,  while 

R2  * ~ is  not  indefinite. 


By  inserting  these  new  valioes  into  the  iteration  equations  (4.66)  and  (4.67) 
the  number  of  multiplications  reduces  from  12  to  9 which  is  significant. 

Thus  the  new  iterative  equations  from  (4.66),  (4.67)  will  be 

bi  = ^2’^1  ’^l''’^^3  * ^4*^5  * a(-a2-x^-*-2(a2-X2+X5))  (4.69) 

+ 6(a^+X;j^-X5-Xg)  + aB(-a3^+X;i^-X5+x^) 

b2  = Xj+x^  -X2+2a(Xy-X4)  + 6(aj^+2x^+X2-X3-x^-Xy-Xg)  (4.70) 

+ ae(-X3+X4-Xy+Xg) 

Note  that  the  multiplication  ctB  and  2a  does  not  enter  into  the  iteration 
and  they  can  be  premultiplied  before  the  starting  of  the  iteration  process. 
Notation 

For  latter  analysis  in  Qiapter  y we  call  these  latter  set  of  equations 
i.e.  equations  (4.69)  and  (4.70)  as  "reduced  parameter  complex  wave  digital 
algorithms"  and  the  original  set,  i.e.  equations  (4.66)  and  (4.67)  as 
"complex  wave  digital  algorithms"^. 

Although  theoretically  it  is  always  possible  to  find  new  variables 
equal  to  the  number  of  original  L’s  and  C's,  in  practice  it  becomes  a 
tedious  job  for  more  than  two  variables,  and  it  is  not  reconmended . 

E.  TABULATION  OF  SIMPLE  L AND  C ELEMENTS  IN  SERIES  AND  SHUNT 

In  a similar  way  as  examples  1 and  2,  the  wave  flow  equations  for 
the  single  L and  C elements  for  both  cases  of  series  and  shunt  are 
tabulated  in  Tables  4.1a,b  and  4.2a,b. 

Note  that  Tables  4.1a,  4.1b  are  for  the  case  of  no  delay  free  path 
from  a^  to  and  Tables  4.2a,  4.2b  are  for  the  case  of  no  delay  free 
path  from  a2  to  b2. 


Table  4.2b.  Iterative  algorithms  for  simple  L and  C elements  with  no 
delay  free  path  from  a,  to  b^  with  sampling  time  T and 
with  the  initial  conditions  i.e.  X2^,X2,X2,X4  set  to  zero 


F.  FURTliER  INVESTIGATION  OF  THE  ALGORITHMS  IVITH  NO  DELAY  FREE  PATH  IN 
PORT  ONE,  WITH  THE  ALGORITHMS  IVITH  NO  DELAY  FREE  PATH  IN  PORT  TTVD 

A closer  look  to  the  two  kinds  of  algorithms  derived,  i.e.  algorithms 

with  no  delay  free  path  from  a^^  to  and  the  algorithms  with  no  delay 

free  path  from  ^2’  reveal  that  both  algorithms  would  behave 

very  much  like  their  equivalent  LC  structure  matched  to  load  or  matched 

to  the  source  as  per  the  reciprocity  theorem.  Note  that  this  can  also  be 

proven  by  writing  the  chain  matrix  equations 


For  no  delay  free 
path  from  a^  to  b^ 


or 


or 


With  no  delay  free  from  a^  to  b^ 


So  if  we  interchange  a^  and  a2,  and  also  b^  and  b2  we  would  get 


With  no  delay  free  from  a,  to  b2 
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Note  that  if  we  calculated  the  chain  matrix  for  no  delay  free  path  from 
^2  ^2  matrix 


^ 1^2 


^21  ^2 


^1  ^2 


Then  the  two  matrices 


^2  ^2 


would  be  identical,  i,e. 


<lPl-AiVi 


<iyi-AiVi 


^1^1 -^1^1 


*^l^l"^l^l 


■ ^I'^i 


^2  = A^v^  - 


'^2  ” A^v^  - 


'2  K^y^  - A,v 


G.  DESIGN  EXAT-IPLE 

As  an  application  of  the  illustration  of  the  techniques  developed, 
a seventh  order  low  pass  Chebechev  filter  with  the  given  specification  in 


Appendix  lA  was  designed  and  inpleinented  in  both  time  domain  and  fre- 
quency domain.  As  a comparison  the  same  filter  was  designed  using  the 
conventional  digital  techniques.  The  computer  program  and  output  results 
for  both  cases  are  also  given  in  the  same  appendix.  As  can  be  seen,  they 
are  completely  identical  in  both  time  domain  and  frequency  domain,  thus 
assuring  the  validity  of  the  theory  developed  in  this  chapter. 

Note  that  in  this  example  the  double  precision  arithmetic  was  used, 
thus  ensuring  infinite  precision  for  multiplier  coefficients,  to  come  iq) 
with  exactly  the  same  answer. 

H.  SUNMARY 

In  this  chapter  we  developed  the  generalized  algorithm  for  a two  port 
wave  digital  filter  step  by  step  from  the  first  principles  of  circuit 
theory  and  background  given  in  Chapters  II  and  III.  The  generalized  LC 
system  considered  was  an  LC  "T"  Section.  For  a m section  the  procedure 
would  have  followed  in  the  same  way  with  the  exactly  similar  end  results. 

The  delay  free  path  does  play  an  essential  role  in  the  algorithms. 
Thus  emphasis  was  given  on  this  matter  and  whenever  possible  explanatory 
delay  free  patlis  were  illustrated  in  the  diagrams.  To  make  things  as 
clear  as  possible  two  worked  examples  are  given,  one  with  a simple 
section  with  no  delay  free  path  at  the  terminating  source  port  and 
second  example  with  a sin5)le  complex  section  with  no  delay  free  path 
at  the  terminating  load  port.  Then  we  investigated  the  relationship 
between  matched  source  algorithm  with  matched  load  algorithm  of  a given 
system.  Finally  a practical  design  of  a wave  digital  filter  using  the 
already  derived  algorithms  were  implemented  and  the  complete  results 
and  computer  program  are  given  in  the  Appendix  1B,-E. 

Note  that  no  reference  is  given  at  the  end  of  this  chapter.  The 
only  relevant  references  would  be  references  [9],  [11]  of  Chapter  III. 
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V.  SENSITIVITY  ANALYSIS  OF  'IHE  WAVE  DIGITAL  FILTERS 
DUfi  TO  TkUNCATION  IN  THE  NUMBER  OF  BITS 

A,  INTRODUCTION 

The  intent  of  this  chapter  is  to  investigate  the  behavior  of  wave 
digital  filters  to  quantization  in  the  number  of  bits  in  the  multiplier 
coefficients.  The  wave  digital  filter  has  been  credited  in  most  of 
the  published  literattire  as  being  minimum  sensitive  to  multiplier  co- 
efficient variations,  and  thus  conjectured  to  be  optimal  in  requiring 
the  fewest  number  of  significant  places  to  achieve  a given  specifica- 
tion. 

In  this  chapter,  for  a given  analogue  resistively  terminated  LC 
filter,  three  different  wave  digital  filter  algorithms  are  confuted, 
and  their  behavior  with  respect  to  truncation  in  the  number  of  bits 
of  the  multiplier  coefficients  are  investigated.  The  results  are  com- 
pared with  conventional  digital  filter  design.  It  is  important  to  note 
that  for  all  the  algorithms  under  investigation  the  bilinear  transfor- 
mation is  used  to  make  the  conparison  meaningful. 

In  order  to  avoid  any  confi^sion  in  this  chapter  we  use  the  tern 
"multiplier  coefficient"  for  the  coefficients  of  wave  digital  filter 
algorithms  and  the  tem  "polynomial  coefficient"  to  denote  the  coeffi- 
cients a^,  ag,-— ,ag  and  b^,  bg,---,bQ  of  H(s)  or  H(z),  of  a given 
analogue  or  digital  filter,  respectively;  where  H(s)  or  H(z)  are  of 
the  form 


H(s) 

H(z) 


1 

~7  6 S 4 3 2 

s +agS  +agS  +a^s  +agS  +a2S  +a^s+ag 

KCz^ll^ 

z +bgZ^+bgZ  +b^z‘^+bgZ  +b2z‘'+bj^z+b0 
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It  is  also  inportant  at  this  stage  to  note  that  since  wave  digital 
filter  multipliers  are  derived  directly  from  the  original  L's  and  C's, 
they  can  be  thought  of  as  a modified  or  matched  L or  C elements.  Since 
wave  digital  multipliers  are  not  derived  from  the  polynomial  coeffi- 
cients of  the  transfer  function  of  filter  but  from  L's  and  C's  of  the 
analogue  circuit, it  is  meaningful  to  con^jare  the  effect  of  bit  quanti- 
zation error  on  wave  digital  filter  multipliers  with  the  effect  of  bit 
quantization  error  on  L's  or  C's  in  a conventional  digital  filter 
algorithm,  and  not  to  compare  with  the  effect  of  bit  quantization  error 
on  the  filter  polynomial  coefficients.  Based  upon  this  argument,  the 
original  filter  L's  and  C's  are  quantized  in  the  conventional  digital 
filter  algorithms  and  used  for  conparison  purposes. 

B.  COMPARATIVE  STUDY  OF  THE  ERROR  DUE  TO  QUANTIZATION  IN 
THE  NUMBER  OF  BITS  IN  VARIOUS  DIGITAL  FILTER  ALGORITHMS 

Coefficient  errors  introduce  perturbations  in  the  zeros  and  poles 

of  the  transfer  functions,  which  in  turn  manifest  themselves  as  errors 

in  the  frequency  response.  In  Chapter  III  Section  B we  defined  general 

sensitivity,  and  in  Section  C we  discussed  parameter  sensitivity,  and 

in  Section  D sensitivity  due  to  quantization  in  the  number  of  bits. 

The  conparison  criteria  we  have  used  in  this  chapter  is  the  root  mean 

square  error  criteria  given  in  equation  (3.3)  and  repeated  here  in 

greater  detail,  i.e. 

N 

i=0 

where  W((u^)  is  the  frequency  weighting  function.. 

AH(aj^)  is  the  difference  in  magnitude  between  infinite 
precision  algorithm  and  the  algorithm  obtained 
in  using  a finite  number  of  floating  bits  in  the 
filter  multiplier  coefficients  or  component  values. 

N is  the  number  of  sampling  points  in  the  frequency  domain. 

0 T 

U w* 


•4f^r‘rr- 


to^  is  the  frequency  associated  with  the  sairpling  point  i 
I It  shoiild  be  pointed  out  that  in  floating  point  calculations,  the  man- 

i tissa  of  the  floating  number  in  the  binary  system  is  truncated  to  the 

specified  length  using  sign  magnitude  representation.  However  the  word 
length  requirements  of  sign  and  exponent  are  not  counted,  since  they  do 

f 

not  enter  into  the  calculations. 

In  total  nine  different  normalized  low  pass  seventh  order  filter 
algorithms  were  chosen  for  investigation  from  the  handbook  of  filter 
synthesis  [1].  These  filters  are 

i)  seventh  order  .5  db  ripple  Chebyshev  low  pass  filter  with  Rg*!,  Rl=I 

ii)  seventh  order  .1  db  ripple  Chebyshev  low  pass  filter  with  Rg=l>  Rj^=I 

iii)  seventh  order  Butterworth  low  pass  filter  with  Rg®I» 

iv)  seventh  order  . 5 db  ripple  Chebyshev  low  pass  filter  with  Rg=0 , R^^l 

v)  seventh  order  .1  db  ripple  Chebyshev  low  pass  filter  with  Rg=0,  R^=l 

vi)  seventh  order  Butterworth  low  pass  filter  with  Rg^O,  1^=1 

vii)  seventh  order  .5  db  ripple  Chebyshev  low  pass  filter  with 

viii)  seventh  order  .1  db  ripple  Chebyshev  low  pass  filter  with  Rg=10,  R^=l 

ix)  seventh  order  Butterworth  low  pass  filter  with  Rg*iO,  R^=l 
Each  filter  was  designed  using  five  different  algorithms. 

a)  wave  digital  filter  with  simple  sections,  matched  to  the 
load  (i.e.  with  no  delay  free  path  in  port  two) 

b)  wave  digital  filter  with  con^jlex  sections,  matched  to  the 
load  (i.e.  with  no  delay  free  path  in  port  two) 

c)  wave  digital  filter  with  conplex  sections  but  with  reduced 
parameters  and  matched  to  the  load  (i.e.  with  no  delay  free 
nath  in  port  two 

d)  conventional  direct  digital  filter  of  the  form 
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HCz)  = 


l+a^z"^  + a,z'^  + a,z'^  + a.z''^  + 3 7'^  + a t'6  ^ -7 

X I 3 '‘4‘-  <*2^  agZ  + a^z 


Ce)  conventional  cascaded  digital  filter  of  the  form 


HCz)  = 


K(l+z"^)^ 


Cl+a^z-bcUa^z-l  + ^ -h  g^z’^) 


Note  that  all  the  filters  are  low  pass  and  have  zeros  at  z = 1.  Thus 
there  is  no  necessity  for  pole/zero  pairing  in  order  to  optimize  the 
response  of  the  cascaded  conventional  digital  filter.  Thus  all  these 
exauples  are  in  a naturally  optimum  arrangement. 

Double  precision  arithmetic  used  throughout  in  order  to  get 
practically  the  same  result  for  all  fi-ve  algorithms  with  infinite  pre- 
cision arithmetic  for  the  coefficient  or  conponent  values. 

The  root  mean  square  error  in  the  frequency  response  for  various 
filters  under  examination  were  found,  and  tabulated  in  Tables  5.1-9. 
The  corresponding  graphs  are  drawn  in  Figs.  5.1-9.  Note  that  in  order 
to  avoid  congestion  the  error  graphs  of  conventional  cascaded  digital 
filter  are  not  drawn. 

A sanple  conpater  program  for  each  of  the  five  algorithms  used  is 
given  in  Appendix  2-A,F. 

C.  STUDY  OF  THE  RESULTS  OBTAINED 

The  study  of  the  graphs  for  all  different  algorithms  clearly  indi- 


cate the  following  points: 


0) 

•H 
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Table  5.1.  Root  mean  square  error  of  the  frequency  response  of  various  filter  algorithms  due  to  the 
quantization  in  nunber  of  bits  of  the  multipliers  for  the  normalized  7th  order  low  pass 
.5  db  ripple  Qiebyshev  filter  with. R =1.0  (Case  i).  Note  that  all  ^ilgoritlims  with  infin 
precision  in  the  nunber  of  bits  are  Identical. 
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Table  5.2.  Root  mean  square  error  of  tlie  frequency  response  of  various  filter  algorithms  due  to  the 
quantization  in  number  of  bits  of  ti\e  multipliers  for  the  normalized  7th  order  low  pass 
.1  db  ripple  Chelyshev  filter  with  Rg=1.0  (Case  ii) . Note  that  all  algorithms  with 
infinite  precision  in  the  nunber  of  Cits  are  identical. 
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Table  5.3.  Root  mean  square  error  of  the  frequency  response  of  various  filter  algorithms  due  to  the 
quantization  in  nunfcer  of  bits  of  the  multipliers  for  the  normalized  7iy\  order  low  pass 
Butterworth  filter  with  R = 1.0  (Case  iii) . Note  that  all  algorithms  with  infinite 
precision  in  the  nunber  of  bits  are  identical. 
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Table  5.4.  Root  mean  square  error  of  the  frequency  response  of  various  filter  algorithms  due  to  the 

quantization  in  nuiriber  of  bits  of  the  miltipliers  for  the  normalized  7th  order  low  pass  .5db 
iT-Pple  Chebyshev  filter  with  R^=Q  (Case  iv).  Note  that  all  algorithms  with  infinite  pre- 
cision in  the  number  of  bits  are  identical. 


Table  5.5.  Root  mean  square  error  of  the  frequency  response  of  various  filter  algorithms  due  to  the 
quantization  in  number  of  bits  of  the  multipliers  for  the  normalized  7th  order  low  pass 
.1  db  ripple  Chebyshev  filter  with  R =0  (Case  v).  Note  tliat  all  algorithms  with  infinite 
precision  in  the  number  of  bits  are  identical. 


Table  5.6,  Root  mean  square  error  of  the  frequency  response  of  various  filter  algorithms  due  to  the 
quantization  in  nunber  of  bits  of  the  multipliers  for  the  normalized  7th  order  low  pass 
Butterworth  filter  with  R =0.0  (Case  vi) . Note  that  all  algorithms  with  infinite  pre- 
cision in  tlie  number  of  bits  are  identical. 
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Table  5.7.  Root  mean  square  error  of  the  frequency  response  of  various  filter  algorithms  due  to  the 
quantization  in  nimber  of  bits  of  the  multipliers  for  the  normalized  7th  order  low  pass 

.5  db  ripple  Chebyshev  filter  with  R =1Q  (Case  vii).  Note  that  all  algorithiiB  with  in- 
finite precision  in  the  number  of  bits  are  identical. 
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Table  5.8,  Itoot  mean  square  error  of  the  frequency  response  of  various  filter  algorithms  due  to  the 
quantization  in  number  of  bits  of  the  multipliers  for  the  normalized  7th  order  low  pass 
.1  db  ripple  Chebyshev  filter  with  R =io  (Case  viii) . Note  that  all  algorithms  with  in- 
finite precision  in  the  nimber  of  bits  are  identical. 


k 
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Table  5.9.  Itoot  mean  square  eiTor  of  the  frequency  response  of  various  filter  algorithms  due  to  the 
quantization  in  nunber  of  bits  of  tlie  multipliers  for  the  normalized  7th  order  low  pass 
ButLerworth  filter  with  R =10  (Case  ix) . Note  that  all  algorithms  witTPin finite  pre- 
cision in  the  number  of  bits  are  identical. 
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Cl)  The  logarithm  of  mis  error  versus  the  number  of  bits  for  the 
direct  conventional  digital  algorithms  follows  a straight  line  for 
all  seventh  order  filters  and  they  all  pass  close  to  the  point  of 
error  = 1 at  bits  = 0 with  a slope  of  approximately  3 db  per  bit. 

Also  the  rms  error  of  the  conventional  direct  digital  filter  is  never 
wrse  than  the  other  filter  algorithms. 

(2)  For  filters  with  source  resistance  Rg  = 1 and  = 0,  the  rms 
error  graphs  for  the  sinple  wave  digital  filters  are  exactly  the  same 
as  that  of  direct  conventional  digital  filter,  with  the  same  slope. 

For  filters  with  = 10,  the  rms  error  graph  for  the  wave  digital 
filter  is  worse  than  the  conventional  direct  digital  filter.  This  error 
behavior  is  very  interesting  and  shows  that  wave  digital  filters  do 
have  a hi^er  sensitivity  to  filter  terminating  resistances. 

(3)  The  rms  error  graph  for  the  conplex  wave  digital  filter  for 
Rg  = 1 and  R^  = 0 is  worse  than  that  of  sinple  wave  digital  filters, 
with  approximately  the  same  slope. 

C4)  The  rms  error  graph  for  reduced  parameter  conplex  wave  digital 
filters  with  Rg  “ 1 3nd  R^  = 0 in  some  cases  is  sligjitly  worse  than 
that  of  conplex  wave  digital  filter,  but  with  approximately  the  same 
slope. 

C5)  The  rms  error  performance  for  all  wave  digital  filters  with 
Rg  = 10  is  approximately  the  same,  after  first  four  or  five  bits,  and 
the  rms  error  graph  tends  to  follow  a straight  line.  Departure  from 
the  straight  line  is  more  noticeable  for  the  simple  wave  digital 
filter  than  the  conplex  wave  digital  filter  or  the  reduced  parameter 
conplex  wave  digital  filter  for  the  first  six  or  seven  bits. 


(6)  Although,  ideally  we  expect  the  two  conventional  digital 
filters  (i.e.  the  direct  and  cascaded  digital  filters)  to  have  the 
same  rms  error,  the  factorization  process  used  for  the  denominator 
introduces  some  slight  error  in  the  pole  locations,  which  in  some 
cases  changes  the  rms  error  value. 

D.  COMPARISON  OF  RESULTS  WITH  EACH  OTHER  AND  WITH 

HiOSE  PUBLISHED  IN  THE  LITERATURE 

The  results  obtained  in  this  chapter  and  in  Section  C indicate 
the  following  points  when  compared  with  each  other  and  with  results 
published  in  literature: 

(1)  For  all  purposes  the  digital  filter  derived  directly  from 
analogue  doubly  terminated  LC  structure  is  the  least  sensitive  struc- 
ture with  respect  to  filter  component  values.  This  fact  should  not 
be  confused  with  the  sensitivity  of  the  digital  filter  to  polynomial 
coefficients.  The  foregoing  also  apply  to  band  pass  or  band  stop 
filters  derived  from  analogue  low  pass  LC  realization. 

C2)  It  is  worthwhile  to  consider  the  structure  of  wave  digital 
filters  conpared  with  the  structure  of  analogue  LC  doubly  terminated 
filters  for  cases  mder  study  seventh  order  low-pass  filters). 

The  total  number  resonances  in  the  analogue  LC  filter  shown  in  Fig. 

5, 10, is  ten.  These  are  evenly  distributed  resoiances  and  can  be 
conpared  with  the  total  number  of  delay  free  feedback  paths  in  the 
wave  digital  filter,  v^iich  for  the  case  of  sinple  wave  digital  filter 
is  eight  as  shown  in  Fig.  5.11.  Note  that  the  delay  free  feedbacks 
are  localized  towards  the  source  for  wave  digital  filters  with  no  delay 
free  path  in  port  two.  Also,  as  shown  in  Fig.  5.12,  the  total  number 
( of  delay  free  feedback  paths  for  conplex  wave  digital  filters  is  five,  again 
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localized  towards  the  source  end.  Had  we  designed  the  wave  digital 
filter  with  no  delay  free  path  in  port  one  this  localization  would 
have  occurred  towards  the  load  end.  Now  with  the  above  points  in 
mind  we  can  establish  the  following: 

(a)  From  the  results  of  the  large  number  of  different  filters 
studied  in  this  chapter,  it  is  apparent  that  wave  digital  filters  do 
exhibit  a high  sensitivity  to  terminating  resistances.  For  the  case 
of  filters  with  low  terminating  source  resistances  (i.e.  Rg=0  and 
R^=l)  the  rms  error  behavior  of  the  wave  digital  filter  is  almost 
identical  to  direct  digital  filter  derived  from  the  analogue  LC  struc- 
ture, because  of  the  localization  of  the  delay  free  feedback  paths 
towards  the  low  resistance  termination.  For  the  case  of  the  filters 
with  high  source  resistance,  the  localization  of  the  delay  free  feed- 
back path  occurs  towards  the  high  resistance  termination;  thus  the  rms 
error,  conpared  with  that  of  the  direct  digital  filter,  is  worse;  this  is  due 
to  the  localization  of  the  delay  free  feedback  in  the  high  sensitivity 
port  of  the  filter.  Had  we  designed  the  high  resistive  source 

impedance  filters  with  no  delay  free  path  in  port  one,  (thus  directing 
the  localization  of  the  delay  free  feedback  paths  towards  the  load  end) 
we  would  have  obtained  ^ better  performance. 

(b)  The  rms  error  performance  of  simple  wave  digital  filters  were 
considerably  better  than  complex  wave  digital  filters  for  low  source 
resistances  (i.e.  Rg=0,  Rg=l).  Thus  rms  error  behavior  can  be  explained 
as  follows  because  there  are  fewer  delay  free  feedback  paths  for  the 
complex  wave  digital  filters.  This  feedback  occurs  in  fewer  sections 
and  the  error  performance  gets  worse.  For  high  source  resistance,  i.e. 
Rg=10,  the  rms  error  performance  for  all  wave  digital  filters  after 


108 


fifth  or  sixth  bit  becomes  almost  identical.  This  can  be  explained 
because  of  the  high  sensitivity  of  the  wave  digital  filters  to  the 
terminating  high  source  resistance.  Tlius  the  localized  delay  free  feed- 
backs near  the  source  increases  the  error  performance  for  the  sinple 
wave  digital  filter  while  for  the  complex  wave  digital  filter,  with 
fewer  feedbacks,  the  sensitivity  to  high  source  impedance  drops.  There- 
fore the  two  algorithms  tend  to  give  nearly  the  same  rms  error  per- 
formance . 

(c)  In  some  cases  especially  for  lower  source  impedances  the 
rms  error  performance  of  reduced  conplex  wave  digital  filter  is  slightly 

c 

worse  than  that  of  complex  vvave  digital  filter.  This  is  probably  due 
to  the  fact  that,  when  the  truncation  process  is  done  on  a large  number 
of  multipliers,  the  effect  of  truncation  tends  to  be  conpensating,  but 
if  the  number  of  multipliers  are  reduced,  this  equalization  is  less 
evident . 

(3)  From  the  above  discussion  we  can  conclude  that  the  ultimate 
ms  error  performance  of  wave  digital  filters  tends  to  that  of  the 
directly  digitized  analogue  resistively  terminated  LC  filters.  To  achieve 
this  ultimate  performance  in  designing  the  wave  digital  filter,  we  have 
to  use  simple  sections  as  imich  as  possible,  and  also  since  terminating 
resistances  are  the  most  inportant  we  must  direct  the  delay  free  port  of 
wave  digital  filters  towards  the  low  resistance  termination. 

(4)  If  we  wanted  to  make  a band  pass  or  band  stop  filter,  which 
has  LC  tank  circuits,  the  complex  wave  digital  filter  derived  from 

these  LC  sections  woiHd  not  give  the  same  rms  error  performance  as  that  of  the 
original  conventional  digitized  LC  filter.  Moreover  the  algorithms  for 
complex  wave  digital  filters  derived  from  LC  tank  circuits  in  the 
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literatixre  [2],  [3]  are  of  the  reduced  parameter  type  conplex  wave 
digital  filter,  which  furthermore  have  poorer  error  perfoimance  as 
can  be  seen  from  the  graphs  in  some  cases. 

In  Chapter  VII  we  discuss  briefly  how  to  design  a sinple  wave 
digital  filter  algorithm  for  a given  band  pass  or  band  stop  specifi- 
cation. It  is  expected  that  these  filters  will  have  better  error 
performance  than  the  complex  wave  digital  filters  given  in  the 
literature  [2]  and  [3]. 

(5)  it  is  also  interesting  to  note  that,  after  familiarization  with 
wave  digital  filter  theory,  it  is  much  easier  to  design  a wave  digital 
filter  derived  from  analogue  LC  filters  than  to  design  a direct  con- 
ventional digital  filter  both  derived  from  the  same  analogue  LC 
filter.  Thus  the  wave  digital  filter  is  a practical  design  technique. 
Furthermore  in  order  to  reduce  the  rms  error  performance  of  wave 
digital  filters  we  can  even  make  use  of  a combination  of  conplex  wave 
digital  and  sinple  wave  digital  algoritlims.  For  exanple  idien  we  have 
a hi^  source  uipedance,  we  can  make  use  of  one  or  two  conplex  sections 
near  the  high  resistance  end,  followed  by  several  simple  sections  later 
on. 
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VI.  DERIVATION  OF  PARTIAL  SENSITIVITY 

KjNCTia'15  Of  wave  digital  filters 

A.  INTRODUCTION 

The  main  intent  of  this  chapter  is  to  derive  the  sensitivity  of 
wave  digital  filter  with  the  aid  of  partial  differentiation  of  the 
filter  algorithm  with  respect  to  wave  digital  filter  multiplier  coeffi- 
cients, i.e.  a's  and  <p.  Having  found  these  sensitivity  functions  the 
sensitivity  of  wave  digital  filter  with  respect  to  the  original  filter 
component  values,  i.e.  L*s,  C’s,  R^,  and  R^  were  found. 

Finally  the  behavior  of  these  two  sensitivity  functions  are  investi- 
gated and  conpared  with  each  other  in  the  frequency  domain  and  with 
the  results  obtained  in  Chapter  V. 


B.  DERIVATION  OF  THE  SENSITIVITY  FUNCTION  OF  WAVE  DIGITAL 
FILTER  DUE  TO  VARIATION  IN  MULTIPLIER  COEFFICIENTS 

The  general  wave  digital  algorithm  for  the  third  order  filter  given 

in  Fig.  6.2,  with  no  delay  free  path  in  port  two,  is  of  the  form  of 

equation  (6.1) 


b^j^Cz) 


^2 


^3  *•'^3’^^' 


0b32Cz) 


(6.1) 


where  fj^,  f2,  and  f^  are  2x2  matrices  of  the  general  form  of 


f^(a^,z.)  » 


1+Yj^z 

03+63: 


-1 

-1 


I+Y3Z 


1+72^ 

VS4Z' 

m4z‘ 


-1 
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Fig.  6.1.  A general  third  order  doubly  terminated  analogue  low  pass 
LC  filter. 


Fig.  6.2.  TTie  wave  digital  filter  derived  from  the  analogue  LC  filter  of 
Fig.  6.1  with  no  delay  free  path  on  port  two. 
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vrfiere  a^,  8^,  Yj^  are  functions  of 

From  Fig.  6.2  the  transfer  function  of  the  filter  in  the  time  domain 
as  depicted  in  Chapter  IV  and  also  explained  in  Appendix  lA  with  unity 
in?>ulse  input  will  be 


h(nT)  = (^)  b32(nT)  = h(a^,  a2,—<P)  (6.2) 

Thus  the  transfer  function  of  the  filter  in  the  frequency  domain  will  be 

N 

H(a^,  b32CnT)e‘^‘^'^^ 

n=0 


and  the  sensitivity  of  the  filter  due  to  -variations  in  in  the  fre- 
quency domain  is  given  by 


3H(a^,a^— .ti)  ^ 'A  ^^52 -jumT 

3a,  2 ^ ^ 3o, 

^ n=0  ^ 


Note  that  from  equation  (6.1),  the  matrices  f2,  f3  are  not  fvmctions  of 
Thus  the  derivative  of  equation  (6.1)  with  respect  to  will  be 


0 

3b32(z) 

3f  (a, ,z) 

3a, 

1 1 

3a 

^2 

f^dOyZ') 

1 

3bjj(z) 

, 9b32(z) 

3a^ 

Note  aj^j^(z)  is  input  and  is  independent  of  also. 
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A closer  look  at  equation  (6.2)  reveals  that  with  unity  inpulse  input, 
the  time  domain  sensitivity  function  of  the  filter  with  respect  to  is 

3hCOj^,a2>-— <!>)  ^ 1+0  ^^52 

^ 2 ^ 30^^ 


Thus  to  find  the  sensitivity  function  of  the  filter  with  respect  to 

all  we  have  to  do  is  write  the  conplete  iterative  equations  of  the 

filter  from  equation  (6.1)  and  then  differentiate  them  with  respect  to 

Oy  Note  that  in  doing  so  actually  all  the  iterative  equations  derived 

from  matrices  f2(a2,z),  f2(a2,z)  will  not  be  effected  and  the  only 

iterative  equations  being  differentiated  will  be  that  of  matrix 

f,  (a, ,z).  So  in  general  we  can  find  , i.e.  the  sensitivity  of  the 
1 1 30^^ 

wave  digital  filter  with  respect  to  all  wave  digital  filter  multiplier 

3H 

coefficients  a^.  For  the  special  case  of  from  equation  (6.2)  we  have 


3h(nT)  . 1 . 
3(()  " 2 


32 


(nT)  + (}) 


0 


and  the  filter  sensitivity  function  with  respect  to  4>  in  the  frequency 
domain  will  be 

3H(a^,a2— <}>)  _ ^ (1+4))  . ^'^32,^-ja)nT 

34)  " ’•  2 2 ^ 

n*0 

The  above  procedure  can  best  be  illustrated  with  the  aid  of  a sinple 
example. 

ExaJiple  1 


Given  the  third  order  wave  digital  filter  of  Fig.  6.2  which  is 
derived  from  the  dovibly  terminated  LC  filter  of  Fig.  6.1;  it  is  required 


to  find  the  sensitivity  function  of  the  filter  with  respect  to  in 
the  frequency  domain.  The  wave  digital  filter  is  with  no  delay  free 
path  in  port  two. 


Procedure 

The  iterative  equations  of  the  wave  digital  filter  of  Fig.  6.2  in 
the  time  domain  with  the  aid  of  Table  4.2b  and  with  all  initial  condi- 
tions set  to  zero  are: 

aziCn)  = 

b22(n)  = a22(n-l)+a2(a2;^(n)+a2j^(n-l)-a22(n-l)-b22(n-l)) 

a3i(n)  = b22(n) 

b32(n)  = a3j,(n)+a3j(n-l)-a32(n-l)+a3(a32Cn-l)-b32(n-l)) 

a32(n)  = b32(n)  • <}> 


*^31 

(n) 

= ^31 

(n)+a3 

(832 (n)- 

(n-l)-b3i 

(n-D) 

^22 

(n) 

= b,. 

(n) 

’^21 

(n) 

“ ^22 

(n)-a2^(n)>a22 

(n-l)+02(a 

21  '^21 

(n-D) 

^12 

(n) 

“’^21 

Cn) 

°11 

(n) 

= hi 

Cn3+a^ 

Ca^2^’^)‘ 

aii(n)+a^2 

(n-l)-b^^ 

(n-D) 

Note  that  to  find  the  transfer  function  of  the  filter  in  the  time 
domain,  the  input 


and  the  iterative  equations  after  partial  differentiation  with  respect 


to  are 


^^21  (n) 

3a^ 

9^22  Cii) 
3a^ 
etc. 


3a  -(n-1)  3a  -(n-1) 

3bj^2f^^ 

3a-, 


3b^ 2(^-1) 


3a-, 
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(6.5) 
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2^  3a, 
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'22' 


3a, 


3a, 


-) 


and  in  this  way,  we  differentiate  all  the  equations  in  equation  (6.4)  with 
respect  to  a^^  15)  to 


3a^2(’^)  3b22(n) 


3a, 


3a, 


3b. 


11 


3a, 


3a.,,  (n)  3a,,(n-l) 

ai2  (n)  -a^^  (n)  +a^2  'b^l  (n-  D (^- ^ 


3bj^^(n-l) 


da. 


oa. 


Thus  the  sensitivity  function  of  the  filter  in  the  time  domain  from 
equation  6.2  is 


3h(nT)  _ ,lf()),  . ^^32^ 
3a,  2 * 3a, 


and  the  sensitivity  function  of  the  filter  in  the  frequency  domain  will 
be 

N 


3H(a)) 

3a,  ww, 

^ n»0  ^ 


3h(nT)  -jwnT 
Zw  3a,  ® 


117 


where  T is  the  sanpling  interval,  oj  is  the  frequency  of  input  signal, 
and  N is  chosen  large  enough  for  transients  due  to  the  inpulse  response 
to  decay. 


C.  DERIVATION  OF  SENSITIVITY  FUNCTION  OF  WAVE  DIGITAL  FILTER  IN  THE 
FREQUENCY  DOMAIN  WITH  RESPECT  TO  ITS  ORIGINAL  COMPONENT  VALUES, 

I.E.  L’s,  C’s,  Rg,  AND  Rj^ 

As  noted  in  Table  4.1  and  4.2  and  mentioned  in  Appendix  1-A,  there 
exists  a one  to  one  relationship  between  the  wave  digital  multiplier 
coefficients,  i.e.  a's  and  the  reflection  coefficient  (p  of  the  wave 
digital  filter,  with  the  original  filter  conponent  values,  i.e.  L's, 

C's,  Rg,  and  R^^.  Thus  in  order  to  find  the  sensitivity  of  the  wave 
digital  filter  algorithm  with  respect  to  original  filter  conponent 
values,  the  best  way  is  to  find  the  sensitivity  of  the  wave  digital 
filter  with  respect  to  wave  digital  filter  multiplier  coefficients,  i.e. 

^ , etc.  and  from  these,  the  sensitivity  of  the  wave  digital 

filter  with  respect  to  original  filter  conponent  values,  i.e. 


3H(LpC2,L3— ,R  ,IL) 

, etc.  can  be  found.  This  procedure  can  best  be 

illustrated  with  the  aid  of  an  exanple,  the  results  of  which  will  be 
used  later  on  to  find  the  semi -logarithmic  sensitivity  (or  percentage 
sensitivity;  or  normalised  sensitivity)  of  ^ seventh  order 
low  pass  resistively  terminated  wave  digital  LC  filter  with  respect  to 
original  conponents  (i.e.  L's,  C's,  R^,  and  Rj^).  Later  on  these  nor- 
malized sensitivity  functions  will  be  compared  with  that  of  the 
normalized  sensitivity  functions  of  the  wave  digital  filter  with  respect 
to  wave  digital  filter  multiplier  coefficients  (i.e.  a's  and  4)]. 


Example  2 

Given  the  sensitivity  functions  of  the  seventh  order  low  pass  wave 
digital  filter  of  Fig,  6.4,  designed  with  no  delay  free  path  in  port  two 
from  the  original  LC  structure  of  Fig.  6.3;  it  is  required  to  find  the 
sensitivity  function  of  the  wave  digital  filter  with  respect  to  original 
wave  digital  filter  conponent  values. 

Procedure 

Since  the  wave  digital  filter  is  of  the  type  with  no  delay  free 
path  in  port  two,  from  Table  4.2  we  have 


^ R-Z  ^1  ^1 


C6.6) 


where  R,  = R... 

1 s 

Also  at  this  stage  it  is  important  to  note  that  L and  C conpo- 

nents  of  the  filter  used  in  equation  (.6.6)  and  in  the  remainder  of 

^cd^ 

the  exanple  are  predivided  or  premultiplied  by  the  factor  tan  / 

0)^  in  order  to  take  into  account  the  effect  of  the  sanpling  period 

and  also  the  critical  frequency  of  the  digital  filter,  where  is 

the  critical  frequency  of  the  digital  filter  in  rad/ sec  and  is 

the  critical  frequency  of  the  analogue  LC  filter  in  rad/sec  and  T 

is  the  sanpling  time  in  sec.  This  factor  is  obtained  by  the  multi - 

^cd'T 

plication  of  the  prewarping  factor,  i.e.  2 tan  /T  by  the 
sanpling  factor  of  the  reactive  conponents  of  the  wave  digital  filter, 
i.e.  T/2.  The  factor  tan  -j-  reduces  to  tan  when  the 
critical  frequency  of  the  original  analogue  filter  is  normalized  at 
(1)^  = 1 rad/sec. 
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Thus  from  equation  (6.6) 


where 


Also 


and 


i = 1,2,3., 


G 

G7^ 


R, 


Also  from  equation  (6.7)  and  (6.8)  we  have 


thus 


In  the  same  way 


OiGi 


^2  " ^ 


90^  ^ Gj^C^ 

9C-, 


= ^ 


C.R, 


1 (a^G^+C2)^ 


R3  a2R2 
'^3  ■ R-q;?  ' spf-rq  = 

^^3  ^2^3 


(6.7) 


(6.8) 


(6.9) 

(6.10) 

(6.11) 

(6.12) 
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(6. 13) 


^4  ^^3^3 

^4  = 

1 Q 

1-*^ 

1 

G3C4 

O’] 

0 

^ 1 
II 

R5  <^4^4 

0^  * 
D 

^4'^^5  *^4^4 

!!5  _ 

R4L5 

304 " 

(04R4H57 

S '^5^5 

'^6  " 

=S"6 

^ ^6^6 

R7+L7  '^6R5'^L7 

307 

^6W 

3^  = 

(J)  = 

h h*  ' 

-2G7RL 

(^1*^707)^ 

£(aj,Cg) 


J7U7 


"7°7 


fCay.RL) 


(6.14) 


(6.15) 


(6.16) 


(6.17) 


(6.18) 


(6.19) 


(6.20) 


(6.21) 


(6.22) 


Note  that  from  equation  (6.21)  it  can  be  seen  that 

<p  = f(Lj,  C2,  Lj,  C^, , L7,R^,Rj^) 
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Note  also  that  the  transfer  function  H of  the  filter  is  a function  of 


y 1»0« 


(6.23) 


and  also 


H = f(L^,  C2,  L3,  — 


(6.24) 


9H  3H 

Thus  if  we  have  we  can  derive  from  (6.23)  by  writing  all 

9H  ^ ^ 

partials  of  from  equation  (6.23),  i.e. 


9H 

90^^ 

302  . 

9H 

903 

9a^ 

+ ’S'  • 

902 

JJT 

s 

9H 

904 

’“5  . 

9H 

90 

904 

* 

903  * 

9ag  * 

9H 

9a  y 

+ . 

94) 

90^ 

* W~ 
s 

94) 

9R 

s 

A • 

iiL  > 

A 

9H 

^1 

9a^ 

2 3^2 

^3 

* 903 

^ ^4' 

^5  * 

9H  ^ 

55F 

A 9H 

6*  9o, 
0 

9H 

‘ 9ay 

* V 

(6.25) 


(6.26) 


to  find  A^,  A^,  A^,  etc.  we  have  from  equation  (6.6)  with.  % = 


dOi  L 

and  from  equation  (6.25)  and  the  chain  rule 


(6.27) 


3o2  ^ 2 9^2 

^2  ’ 3ir  = laT  • ITT 

sis 


Thus  from  equations  (6.10)  and  (6.27)  we  have 


2 = V 


A.  = 


(6.28) 


and  in  the  same  way 


3 ■ ■ 2 • (a2R2-L3)2 


(6.29) 


304  G3C4 

s (.a3G3+C4) 


(6.30) 


(6.31) 


3o- 

« 0 _ /»  5 0 


(6.32) 


30.^  R^L.^ 

» _ 7 _ . 6 / 

^7  ■ " 6 * n 4.T  ^2 

s Ca6VL7^ 


(6.33) 


^8  * " ^7 


•2GA 


(6.34) 


Thus  from  equations  (6.26)  to  (6.34)  we  can  find  the  sensitivity  of  the 

wave  digital  filter  with  respect  to  R^  * R^.  To  find  the  sensitivity 

9H 

of  wave  digital  filter  with  respect  to  L^j  i.e.  from  equation  (6.24) 
we  can  write 


3H  _ 3H 


3H 


= B, 


30, 

3H  , 

302  ^ 

3H 

303 

+ 3H  . 

304 

90  2 

3L^ 

303  ‘ 

3L^ 

304 

’ ^ 

305 

3H 

30g 

3H  , 

^Oj 

34) 

iq 

■ iq 

30y 

■ ^ 

+ . 
•5^ 

iq 

30 

^2  ' 

. iiL. 

302 

^3 

3H 

• 303 

*^4  ' 

3H 

(6.35) 


+ B, 


(6.36) 

305  7 


i!L^  B • 

3ay  8 34) 


To  find  B^,  B2,  B^,  etc.  we  have  from  equations  (6.6),  and  (6.36) 


30-.  “R-i 

B,  = -5!^  * 7 


(6.37) 


and  from  equation  (6.35)  and  the  Qiain  Rule 


302  ^^2  80^ 

^2  3L^  30^  3L^ 


Thus  from  equations  (6.10)  and  (6.37) 


B2  = Bi 


G1C2 


-C2Ri^ 


(6.38) 


(0^G^-k:2)^  (Rl-^4)^(a^*RlC2)‘ 


and  in  the  same  way 


3 ^ „ . V3 


30 

®3  ’ irf  “ ®2  * 


(02R2+L3) 


_ ^4  „ . ^3^4 


(6.39) 


(6.40) 
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30r  ^4^5 

B,  = = B . -2-2 j 


3a^  GrC, 

B,  = -gr^  = B,  • -5-^ *■ 

H ^ Ca5G5-HCg)^ 


30 >7  RfL*« 

B-  = -g^  = B,  • J 


•ZGyR^ 


“s’  - • ®7  • . .;t7 


^ Ca,G7*\)' 


(6.41) 


(6.42) 


(6.43) 


(6.44) 


Thus  from  equations  (6.36)  to  C6.44)  we  can  find  the  sensitivity  of  the 
wave  digital  filter  with  respect  to  L^. 

To  find  the  sensitivity  of  wave  digital  filter  with  respect  to  C2, 
i.e.  from  equation  (6.24)  we  can  write 


or 


3H 

3H  . 

3H 

3H 

303 

3H 

3a  ^ 

3C2  ■ 

30^^ 

302 

. 

•■sq* 

303 

+ 

3H_. 

3a  c 

3H 

30^ 

3H 
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3ay 

• 3CJ" 

3H 

3o 

*7 

3H 

„ 3H 

3H 

^ n 3H 

n 3H  ^ 

3H 

“I'to 

-.02. 

loj 

°3'3^ 

. 4* 

3 

3H 

n 3H 

n 3H 

* h' 

3ag 

* D/to- 

— + 

7 

^8  10^ 

Note  that  the  coefficient  of  the  first  term,  i.e.  = 0. 
From  equation  (6.9) 


(6.45) 


(6.46) 
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A * 


(6.47) 


_ ^ ^ :;^2 

2 ^ CG2*C2)‘ 


and  from  equation  (6.45)  and  the  Chain  Rule 


30^  30^  302 

°3  " 3Cj  “ ^ * 3Cj 


(6.48) 


Thus  from  equations  (6.12)  and  (6.47) 


°3  = °2 


(a2R2+L3) 


(6.49) 


and  in  the  same  way 


°4  “ ^3 


(6.50) 


D5  = D4 


(o4R^+L5) 


(6.51) 


06  = °5 


(a5G5+C6)' 


(6.52) 


-^^7\ 


(6.53) 


(6.54) 


Thus  from  equations  (6.46)  to  (6.54)  we  can  find  the  sensitivity  of  the 
wave  digital  filter  with  respect  to  C2. 

To  find  the  sensitivity  of  wave  digital  filter  with  respect  to 
Lj,  C4,  Lj,  Cg,  Lj  in  the  same  way  we  have 
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(6.55) 


3H  , ^ 3H  ^ ^ 3H  ^ ^ 3H  ^ ^ ^ 3H  ^ ^ aH 

^ ^4*15^  "■  %-5aJ  Ee'l^  ^ Ey' 3^  + Eg* -5^ 


and 


3H 


3H  . „ 3H 


3H 


3H 


^ n I . n v4  i . r\  i . n vl  l r> 

ITT  = ^4*  35-  " P^-~  " " P-*—  " P 


3H 


^ 5 30^  6 3ag  *^7  3a^  8 3(|) 


(6.56) 


3H  ^ 3H  ^ ^ 3H  ^ ^ 3H  ^ _ 3H 

31^  ■ ^5*35^  ■"  Vlo^  ■"  * %’W 


(6.57) 


3H  _ „ 3H  - 3H  . 5,  3H 
3^^  6’  3ag  ^7*  3a^  ^8  34) 


(6.58) 


3H  „ . 3H  , „ 3H 

3L^  ~ ^7  3a^  ^8*  34) 


(6.59) 


3Rj^  '^8  34) 


(6.60) 


where 


-R, 


'S  CRj^Lj)^ 


E = E ■ 
^4  ^3 


E * E < 
^5  ^4 


^6  * ^5’ 


^7  “ ^6- 


^8  ’ ^7’ 


^^4 


(ct3G3+C^)‘ 

fW^5^‘ 

% 

Vt 

(a^R^+L^)' 

t^7VPL^‘ 


(6.61) 

(6.62) 

(6.63) 

(6.64) 

(6.65) 

(6.66) 
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and 


r 


-G. 


P5  = P4' 


P = P . 
*^6  '^5 


R4I.5 


(<>4R4*L5)' 

% 

(OjGjKj)' 


Rfi>-7 
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^8  = "’7- 
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(ayGy+Rj^) 
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PfiL, 

Qy  = Q6-  . :■  -m 


^8  = Qy' 


(asRg^Ly)' 

(ayGy^R^)' 
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®6  ■ TTTTI 
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‘'eW 


C^eVW)' 

-2G^ 
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CayGy+R^) 
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-R. 


U. 


^8 " Uy 


C^yV^^' 


(6.67) 

(6.68) 

(6.69) 

(6.70) 

(6.71) 

(6.72) 

(6.73) 

(6.74) 

(6.75) 

(6.76) 

(6.77) 

(6.78) 

(6.79) 

(6.80) 
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and 


(6.813 


Thus  we  can  find  the  sensitivity  of  wave  digital  filter  with  respect  to 
the  original  filter  component  values. 

D.  EXPERIMENTAL  STUDY  ON  THE  II^nmiAL  SENSITIVITY 
BEHAVIOR  OF  WAVE  DIGITAL  FILTERS 

In  order  to  analyze  the  internal  sensitivity  behavior  of  wave  digital 
filters  with  respect  to  the  itiuiitiplier  coefficients  and  conpare  them  to 
the  sensitivity  of  wave  digital  filters  with  respect  to  the  original 
filter  conponent  values,  in  total  nine  different  seventh  order  low  pass 
filters  were  taken  from  the  Handbook  of  Filter  Synthesis  [1]  with  source 
resistances  varying  from  0 to  10  ohms.  The  sensitivity  behavior  of  these 
filters  in  the  frequency  domain  with  resj^ect  to  both  wave  digital  filter 
multiplier  coefficients  and  the  original  filter  conponent  values  were 
found  using  the  procedures  set  in  examples  1 and  2.  These  filters  were 

i)  seventh  order  .5  db  ripple  low  pass  Chebyshev  filter  with  R^=1.0 

ii)  seventh  order  .1  db  ripple  low  pass  Chebyshev  filter  with  Rg=1.0 

iii)  seventh  order  Butterworth  low  pass  filter  with  R^^l.O 

iv)  seventh  order  .5  db  ripple  low  pass  Chebyshev  filter  with  Rg=10.0 

v)  seventh  order  .1  db  ripple  low  pass  Chebyshev  filter  with  R^=10.0 

vi)  seventh  order  Butterworth  low  pass  filter  with  Rg=10.0 

vii)  seventh  order  .5  db  ripple  low  pass  Chebyshev  filter  with  R^=Q.O 

viii)  seventh  order  .1  db  ripple  low  pass  Chebyshev  filter  with  R^’O.O 

ix)  seventh  order  Butterworth  low  pass  filter  with  = 0.0 
Note  that  these  filters  are  the  same  filters  investigated  in  the  sensi- 
tivity analysis  of  Chapter  V.  In  order  to  make  the  conparison  between 
the  two  sensitivity  functions,  i.e.  sensitivity  with  respect  to  wave 
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digital  filter  nailtiplier  coefficients  and  sensitivity  with  respect  to 

wave  digital  filter  original  conponents  more  meaningful,  the  semi- 

logarithmic  sensitivity  function  which  is  in  fact  normalized  or  percentage 

change  in  sensitivity  is  used.  These  normalized  sensitivity  functions 
9H 

are  and  are  plotted  on  the  same  graph  in  the  frequency  domain 


n 


in  Figs.  6.3  to  6.11. 

Note  that  there  are  nine  variables  for  the  seventh  order  filter  in 

terms  of  original  conponentsCi.e.  L^,  C^,  C^,  L^,  C^,  L^,  R^,  and 

Rj^)  while  there  are  eight  variables  for  the  filter  with  no  delay  free 

path  in  port  two  02, — cry  and  , since  the  source  reflection 

coefficient,  9 is  made  equal  to  zero.  Thus  the  curves  of  • R^  are 

plotted  on  a single  graph.  The  remainder  of  eight  variables  are  plotted 

on  the  same  coordinates,  i.e.  is  plotted  on  the  same  coordinate 

3H  . - ... ^ 3H  . „ 3H 


as 


3a, 


• and  so  on.  Finally 


• Rj^  is  plotted  with  ^ • 4)  on  the 


^ X d<p 

same  coordinates.  It  is  important  to  note  that  for  the  filters  with 

3H 


R.  * 0,  the  normalized  partial  sensitivity  • a^^  equals  to  zero  since 


* 0 when  R^  = R^  = 0.  Also  we  note  that  for  this  special  case 


3H 


=»  0 since  in  equation  (6.26)  all  the  coefficients  of  are  zero 

with  R^  = Rg  = 0.  Thus  for  these  reasons  for  vdien  R^  = 0 we  have 

3fr  3H  9H 

plotted  only  rather  than  and  we  also  note  that  gj^  is 

zero  for  all  frequencies. 


E.  ANALYSIS  OF  THE  INTERNAL  STRUCTURE  OF  THE  WAVE  DIGITAL  FILTERS 
IN  FREQUENCY  DCMMN  USING  FILTER  PARTIAL  SENSITIVITY  FUNCTIONS 

Although  all  the  filters  under  investigation  are  seventh  order  low 

pass,  they  were  chosen  to  be  as  different  from  each  other  as  possible, 

in  type  and  source  termination  resistances.  As  mentioned  earlier  these 

filters  are  identical  to  those  analyzed  in  Chapter  V for  sensitivity 
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Fig.  6.7.  Ihe  graphs  of  noimalized  sensitivity  function 
of  various  simple  wave  digital  filters. 
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Fig.  6.12.  The  graphs  of  noimalized  sensitivity  function,  |{i-  • L^and  iiL  . a 
of  various  simple  wave  digital  filters.  ^^7  ' ^*^7  ^ 
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in  the  frequency  domain.  Thus  it  is  expected  that  the  product  of  the 
sensitivity  study  of  this  chapter  to  conform  to  the  bit 
truncation  study  of  the  Chapter  V.  It  is  important  to  enphasize  that 
in  tills  chapter  only  the  internal  sensitivity  behavior  of  the  simple 
wave  digital  filters  is  considered. 

Analysis  of  the  normalized  partial  sensitivity  function  curves  of 
Figs.  6.5,  13  reveal  the  following. 

1)  Both  sensitivity  functions,  i.e.  sensitivity  due  to  wave  digital 
filter  multiplier  coefficients  and  sensitivity  due  to  the  original  wave 
digital  components  peak  at  the  critical  frequency  in  all  cases.  This 
can  be  expected,  since  it  is  well  known  that  the  digital  filters  in 
general  exhibit  high  sensitivities  around  the  critical  frequency  of  the 
filter.  The  critical  frequency  of  the  filters  under  investigation  was 

1 radian/sec  and  this  point  has  been  marked  by  a vertical  line  on 
all  the  sensitivity  graphs  in  Figs.  6.5,  13. 

2)  In  general  the  normalized  sensitivity  due  to  multiplier  coeffi- 
cients are  smaller  than  sensitivity  due  to  original  filter  components 
for  the  first  sections.  Gradually  this  difference  gets  smaller  eind 
for  some  few  cases  in  the  last  section  it  reverses.  This  is  reasonable 
since  it  can  be  expected  that  earlier  multiplier  coefficients  will  have 
lower  sensitivity  than  the  coefficients  associated  with  the  later  sections. 

3)  At  low  frequencies,  the  normalized  sensitivity  of  the  wave 
digital  filters  due  to  multiplier  coefficients  are  slightly  larger  than 
the  sensitivity  of  the  filter  to  the  original  filter  components.  This 
effect  reverses  in  the  mid  and  high  frequencies. 

4)  The  sensitivity  function  of  the  wave  digital  filter  with  respect 
to  the  source  resistance  increases  with  increasing  source  resistance, 

as  evident  from  Figs.  6.5,  13. 


5)  The  sensitivity  with  respect  to  terminating  load  resistance  and 
reflection  coefficient  have  exactly  the  same  pattern  as  evident  from 
equation  (6.60).  Apart  fron  this  fact  it  is  important  to  note  that  both 
sensitivity  functions  tend  to  follow  the  frequency  characteristic  of 
the  original  filter.  This  can  be  seen  from  the  graph  6.13  for  the  case 
Rg  = 10.  As  Rg  decreases  the  fluctuations  in  the  sensitivity  curve  in- 
creases \diile  following  the  same  pattern.  In  fact  for  Rg=0  these  fluctua- 
tions increase  to  such  an  extent  that  at  some  frequencies  the  sensitivity 
becomes  negligible.  This  phenomenon  is  also  evident  in  the  multiplier 
coefficients  of  the  last  few  sections  of  the  wave  digital  filter  but 

to  a lesser  extent. 

6)  In  general  the  sensitivity  of  the  wave  digital  filter  due  to 
variations  in  multiplier  coefficients  is  lower  than  the  sensitivity  of 
the  wave  digital  filter  with  respect  to  the  original  conponent  values. 

7)  Also  it  is  worthvdiile  to  note  that  the  high  sensitivities 
observed  for  high  source  resistances  in  wave  digital  filters  algorithms 
with  no  delay  free  path  in  port  two  are  in  conplete  agreement  with  the 
results  obtained  in  Chapter  V. 
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VII.  CONCLUSION 

A.  IITTRODUCTORY  REMARKS 

It  is  inportant  to  note  that  in  this  thesis,  whenever  appropriate, 
detailed  conclusions  and  discussions  of  the  results  are  made  in  the 
chapters  concerned.  Thus  it  would  be  repetitious  to  state  these  con- 
cliosions  again.  However  for  conpleteness,  the  highlights  of  inportant 
conclusions  based  on  experimental  results  are  summarized  here.  It  is 
also  inportant  to  note  that  in  the  ejqjerimental  studies  of  this  thesis, 
in  order  to  achieve  reliable  and  accurate  results,  a large  number  of 
filters  of  different  types  with  different  termination  source  resistances 
were  studied,  and  the  conclusions  made  on  the  basis  of  collective 
results . 

B.  SUMMARY  OF  THE  E-IPORTANT  RESULTS  IN  THE  FREQUENCY 
Da^IN  BEHAVIOR  OF  THE  NAVE  DIGITAL  FILTER 

1 - Digital  filters,  derived  from  doubly  terminated  LC  analogue 

filters  using  the  bilinear  transform,  have  the  lowest  sensitiv- 
ity of  frequency  response  for  variation  of  the  original  L,  C, 

R^  and  R^  parameters  of  the  algorithms  tested. 

2 - Wave  digital  filters,  derived  from  doubly  terminated  LC  analogue 

structures,  if  designed  properly  tend  to  achieve  exactly  the 
same  low  sensitivity  as  that  of  the  above  conventional  digital 
filters. 

3 - Design  of  conventional  digital  filters  from  LC  structures  is 

relatively  a tedious  job,  while  designing  the  wave  digital 
filters  frcm  LC  structures  is  relatively  sLmple. 
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4 - Wave  digital  filters  exhibit  high  sensitivity  to  termination 

resistance  values.  Thus  in  the  design  of  wave  digital  filters, 
in  order  to  achieve  a desired  performance,  the  delay  free  loop 
should  be  chosen  at  the  low  inpedance  termination  of  the  filter. 

5 - Due  to  the  internal  structure  of  the  wave  digital  filter  com- 

posed of  sections  with  multiple  LC  resonant  elements,  these 
filters  ejdiibit  higher  sensitivity  than  the  same  filter  made 
of  sections  with  sinple  elements. 

6 - The  sensitivities  of  the  internal  sections  of  the  wave  digital 

filter,  both  with  respect  to  filter  multiplier  coefficients  and 
original  filter  RLC  conponents,  tend  to  peak  sharply  at  the 
critical  frequency  of  the  wave  digital  filter. 

7 - The  sensitivities  of  the  internal  sections  of  the  wave  digital 

filter  increases  towards  the  load  end. 

8 - For  the  seventh  order  low  pass  wave  digital  filters  studied, 

the  slope  of  the  rms  error  due  to  quantization  in  the  number  of 
bits  of  the  multiplier  coefficients  versus  the  number  of  bits 
is  approximately  3 db  per  bit.  Also,  interestingly,  the  slope 
of  the  rms  error  of  the  conventional  seventh  order  digital 
filter  is  also  ^proximately  3 db  per  bit. 

C.  Sirt4ARY  OF  NEW  THEORETICAL  EXTENSIONS 
TO  WAVE  DIGITAL  FILTER  'IHEORY 

1 - Earlier  researchers  [1]  and  [2]  have  stated  as  a typical  exanple 
that  for  the  port  two  resistance  of  the  wave  digital  section 
designed  for  series  L with  no  delay  free  path  in  port  two^one 
should  use  ^2  * ^1  formula  does  not  take  into  account 

the  effect  of  sanpling  time.  In  the  theory  developed  in  this 
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thesis,  following  a derivation  parallel  to  the  one  given  in  [1] 

and  [2],  the  port  two  resistance  for  the  said  section  is  derived 
2L 

as  R2  = + -Y"  • This  result  is  more  general  than  the  previous 

one,  for  which  an  inherent  fixed  sanqjling  time  of  one  second 
must  always  be  assumed. 

2 - In  the  theory  developed  in  this  thesis  for  the  design  of  wave 
digital  siibsections,  only  one  algorithm  is  derived  for  a multiple 
LC  resonant  section.  This  result  is  applicable  for  both  series 
or  shunt  elements.  This  new  approach  makes  it  possible  to  design 
several  alternate  wave  digital  filter  algorithms,  for  a given 
analogue  LC  filter  structure. 

D.  SUGGESTED  FUTURE  RESEARQI 

1 - In  the  analysis  of  this  thesis  we  have  established  that  the 
single  wave  digital  filter,  due  to  its  inherent  ladder- like 
structure,  exhibits  lover  sensitivities  to  multiplier  truncation 
than  the  conpdex  cascaded  section  wave  digital  filter.  Thus  the 
need  for  the  design  of  sinple  wave  digital  filters,  even  for 
band  pass  or  band  stop  applications,  arises.  In  the  literature 
all  the  present  algorithms  for  band  pass  or  band  stop  wave 
digital  filters  are  of  the  conplex  cascaded  multiple  LC  element 
type.  However  it  is  possible  to  design  sinple  wave  digital 
filter,  even  for  band  pass  or  band  stop  applications  using 
simple  sections,  so  as  to  reduce  the  sensitivity  of  the  overall 
structure.  The  technique  basically  is  as  developed  in  Chapter  TV. 
The  suggested  outline  is  as  follows.  The  analogue  band  pass  or 
band  stop  LC  filter  derived  from  the  low  pass  analogue  LC  filter 
would  have  sections  of  the  type  shown  in  Fig.  7.1.  The  design 
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a]  two  port  network  with,  two  L and  C b}  two  port  network  with  parallel 

elements  in  the  total  series  L and  C in  the  total  series 

configuration  configuration 


I 


c)  two  port  network  with  series  d)  two  port  network  with  parallel 

L "and  C in  the  total  parallel  L and  C in  the  total  parallel 

configuration  configuration 


Fig.  7.1.  Total  combination  of  L and  C in  a two  port  netv/ork. 


of  sinple  wave  digital  filter  for  Figs.  7.1a  and  7. id  is  no 
problem  and  they  can  be  separated  into  two  port  simple  sections 
as  shown  in  Figs.  7.2a  and  7. 2d.  Thiis  we  have  to  discuss  only 
the  cases  of  Figs.  7.1b  and  7.1c.  To  design  a sinple  wave 
digital  algorithm  for  Fig.  7.1b  we  must  enploy  a three  port 
wave  flow  network.  A general  three  port  wave  flow  network  is 
shown  in  Fig.  7.3.  Note  that  in  this  figure  there  is  a feedback 
path  from  all  inputs  to  all  outputs.  Fig. 7. 2b  reveals  that  in 
order  to  design  two  simple  wave  digital  sections  we  have  to 
employ  a three  port  signal  flow  graph.  Either  L or  C of  Fig.  7.2b 
can  be  adapted  into  a three  port  structure.  Consider  element  L 
as  the  three  port  element.  It  can  be  shown  that  in  order  to 
have  a causal  network,  two  of  the  three  ports  must  have  no  delay- 
free  feedback  path.  We  can  make  port-two  and  port-three  of 
Fig.  7.3  with  no  delay  free  feedback.  In  doing  so  we  can  find 
R2  in  terms  of  Rj^,  Rj  and  L.  Also  we  can  find  R^  in  terms  of 
Rj^,  R2  and  L.  Thus  we  have  two  equations  and  two  unknoivns  and 
we  can  solve  for  R^  and  R^  in  teims  of  R^  and  L.  Now  we  can 
cascade  a two  port  network  designed  for  the  conponent  C into 
port  three,  and  also  cascade  the  succeeding  sections  into  port 
two.  It  must  be  enphasized  that  the  two  port  net^rark  designed 
for  element  C has  no  termination  resistance  on  its  second  port; 
thus  it  is  open  circuited  and  its  reflection  coefficient  in  port 
two  will  be  equal  to  1.  To  design  a sinple  section  wave 
digital  filter  for  Fig.  7.1c,  we  have  to  use  a somewhat  differ- 
ent ^proach.  With  the  concept  of  delay  free  feedback  in  mind 
and  with  reference  to  Fig.  7.4,  we  can  design  a two  port  network 


3l)  two  cascaded  two  ports 


b]  three  port  element  connected 
to  the  two  port  element 


R 


c)  two  series  two  ports  in 
shunt  configuration 


d)  two  cascaded  two  ports 


Fig.  7.2.  Separation  of  the  conplex  two  port  networks  shown  in 
Fig.  7.1  into  sirple  two  or  three  port  networks. 


L6: 


iree  are  marked  with  *. 


R2  = + R3' 


for  the  element  L such  that  there  is  no  delay  free  feedback 
from  port  two  (input)  to  port  one  (output)  for  subelement  L. 
From  this  constraint,  we  can  find  R2',  with  arbitrarily 
made  equal  to  zero.  The  signal  flow  graph  for  the  element  C 
then  is  a normal  two  port  signal  flow  graph  with  no  delay  free 
path  in  port  one.  It  is  fairly  obvious  that  port  two  of  the 
conposite  section  will  have  a termination  resistance  of  R^  = 

% * ^3*  resistance  of  the  eleinent  C. 

2 - In  the  analysis  of  the  internal  structure  of  Chapter  VI,  we 

found  the  sensitivities  of  the  wave  digital  filter  with  respect 
to  the  original  conponent  values,  i.e.  L's,  C’s,  R , and  R. . 

It  is  interesting,  for  a given  filter,  to  differentiate  the 
conventional  digital  filter  transfer  fmction  with  respect  to 
conponents  L,  C,  R^,  and  R^  and  conpare  these  sensitivities 
to  those  of  the  wave  digital  filter  obtained  in  Chapter  VI. 

3 - The  sensitivity  functions  of  the  wave  digital  filter  with  re- 

spect to  filter  multiplier  coefficients  can  be  used  to  inple- 
ment  an  adaptive  wave  digital  filter,  by  feeding  back  a weighted 
percentage  of  the  sensitivities  into  the  input  as  shown 
schematically  in  Fig.  7.5.  The  adaptivity  can  be  done  using 
any  of  the  known  optimization  methods  available  in  the 
literature,  namely  gradient  optimization  techniques,  Fletcher- 
Powell  optimization  techniques,  etc. 
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APPENDIX  1 


A.  DESIGN  CF  LOIV  PASS  LC  FILTER  WITH  TiIE  GIVE'I  SPECIFICATION 

1.  Specification 

It  is  required  to  design  a .5  db  low  pass  Chebechev  filter  with 
load  resistance  = 50  and  source  resistance  R^  = 100  1^,  with 
critical  frequency  of  100  radian/ sec. 

2.  Data 

From  the  Handbook  of  the  Filter  Synthesis  by  Zverev  [1]  for  the 

given  specification,  the  normalized  values  of  L and  C for  = 1 

making  R^  = 2.0  12  as  per  Figure  A.l  are 

R =2.0  ohms 
s 

= .4799  henries 

C^  = .3536  farads 

= 2.2726  henries 
C^  = .7512  farads 

Lj  = 3.5532  henries 
Cg  = .9513  farads 

Lj  = 3.0640  henries 

3.  Design  of  Wave  Digital  Filter 

Using  this  data  the  required  wave  digital  filter  with  no  delay 
free  path  in  port  two  was  designed  using  the  table  4.2b.  The  schematic 
wave  flow  diagram  of  the  wave  digital  filter  is  shown  in  Fig.  A. 2. 

Note  that  from  Figure  A. 2 and  equation  (4.17)  the  unity  input  impulse 
response  of  the  filter  will  be 
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Fig.  A. 2. 


Seventh  order  low  pass  .5  db  ripple  Chebyschev  wave  digital 
filter  designed  with  no  delay  free  path  on  port  two  after  the 
seventh  order  low  pass  filter  of  Fig.  1.  Note  that  only 
delay  free  signal  paths  are  shown. 
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c(nT)  = h(nT)  = 5^2  (A.l) 

where  T is  the  sampling  period  of  the  filter.  We  also  note  that  h(nT)  is 
also  the  transfer  function  of  the  filter  in  the  time  domain.  Thus  the 
transfer  function  of  tlie  filter  in  the  frequency  domain  will  be 


N 


H(Jaj)  = 2] 

h(nT) 

n=0 

N 

H(Jaj)  = 

(^)  b^2(nT)-e->^T 

n=0 

N 

l+(p 

2 

Y b72CnT).e‘^‘^'^ 

(A.  2) 

n=0 


where  ({>  is  the  reflection  coefficient  of  the  filter  and  N was  chosen  large 
enough  for  transients  to  decay.  Using  these  results  the  frequency  trans- 
fer function  and  also  the  impulse  response  of  required  filter  was  pro- 
granmed  in  the  computer.  Sampling  period  of  .01  sec  was  used,  thus 
making  the  sampling  frequency  approximately  six  times  the  critical  frequency, 
or  three  times  the  Nyquist  frequency. 

The  appropriate  conqjuter  programs  for  filter  transfer  function,  and 
also  its  impulse  response  are  given  at  the  end  of  this  appendix  together 
with  the  computer  output  results  which  are  listed  in  Tables  A.l  and  A. 2 
with  their  corresponding  graphs  in  Figs.  A. 4 and  A. 5. 
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4.  Design  of  the  Conventional  Digital  Filter  for  Comparison  Purposes 
The  transfer  function  of  the  given  filter  of  Fig.  A.l  is  of  the 


H(s)  = 


V2CS) 


(A.  3) 


It  can  be  shown  that  H(s)  is  of  the  form 

V2(s)  ^ 

^^1^  byS^+b^s^+bgS^+b^s^+b2S^+b2S^+bj^sbQ 


(A.  4) 


where  from  the  circuit  analysis  we  find 


CA.5) 


bg  = [C2I'- (C^Lj  C^Lt  + C^Ly)  + LjCgLy(C2  ■*■  ] 

L 


D 

p— ) [LjC^CCy^^J+CyL^CC^+C^JJ+L^C^LjCCy  ^ + C^) 

»3  ■ * -R-^— 

(CyK^) 

by  ■ (C,*C,)C4-I.3*Ly  ^)Ky[Ly*  ^(L  .*L ,)  ] *L  5 (C,  ^ * C,) 


it ' ' 


»•  t -*—  — ■ 


bo--^ 


The  equation  (A.4)  can  be  re\vritten  in  a more  familiar  form  of 


HCs}  = 




^1  .s^+a^s^+ajS^+a^s‘^+a2S^+a2S^+a^s+ag 


where 


^1 " f: 


"6  ~ b. 


^5  " F7 


To  find  tlie  filter  scale  factor  we  let  s 0.  This  leads  to  the  value 
— n which  is  the  filter’s  scale  factor. 


To  find  TCz)  for  the  direct  digital  filter  design,  i.e.  the 
digital  filter  transfer  function,  we  can  use  equation  (A.  6j  and  the 
bilinear  transform  equation  (2.4)  to  get 


T(z)  = H(s) 


2 A-z  \ 

s = Y ( IT^ 

^ 1+z 


or  for  simplicity  we  can  factor  H(s)  into  one  first  order  and  three  second 
order  sections  as  shown  in  eouation  (A. 8) 


ii 


H(s)  = —2 = ^ 5 

Cs  +A^s+B^) (s^+A2S+B2} (s^+A^s+B^)  (s+A^) 


CA.8) 


Note  that  in  effect  we  are  going  to  have  one  first  order  filter  cascaded 
with  three  second  order  cascaded  filters.  It  is  much  easier  to  bilinear 
transform  the  subsections  one  at  a time  rather  than  bilinear  transform 
the  whole  n(s).  Thus  each  second  order  section  becomes 


where 


s +A^s+Bj^ 


s = i 

^ l^z-l 


•) 


. 1 + 2z'^  + z'^ 

•9  TT  TT 

1 + a^z  + 6^z 


= - 2 


p ■ h 

4 ^ ^ ^ B 
^ ^1 


^1  = 


4 ^1 

7 ■ “ " ®1 


and  the  first  order  section  transforms  into 


1-z 

1+z 


-1 


1’7 


Note  that  T(z)  is  merely  the  transfer  function  of  four  cascaded  first 
order  and  second  order  sections  as  shown  in  Figinre  A. 3.  Thus  the  appro- 
priate iterative  equations  are 

V^(nT)  = ^ 2KV^(nT-T)  + KV^(nT-2T)  - a^V^(nT-T)  - S^V^CnT-ZT) 

V2(nT)  = Vj^(nT)  + 2Vj^(nT-T)  + V^(nT-2T)  - a2V2(nT-T)  - 62^2^^^"^"^^ 

V3(nT)  = V2(nT)  + 2V2(nT-T)  + V2(nT-2T)  - a3V3CnT-T)  - S3V3(nT-2T) 

V^(nT)  = V3(nT)  + V3(nT-T)  - a^VgCnT-TT  (A. 9) 

where  T is  the  sampling  time  of  the  filter  and  with  initial  conditions 


2nd  order  2nd  order  2nd  order  1st  order 

section  section  section  section 


Fig.  A.  3.  Seventh,  order  digitized  and  cascaded  filter  corresponding  to 
seventh,  order  analogue  filter  of  Fig.  A.l. 


set  to  zero,  i.e. 


''in®  ■ 0 I ■ -l.-Z-  J ' W 

VjCD  -0 

V„(-l)  - 0 

Also  we  note  that  for  impulse  response 

1 for  n=0 

= 

0 for  n^O 

Thus  the  unity  input  inqjulse  response  of  the  filter  from  equation  (A. 9) 
will  be  V^(nT)  and  we  note  that  this  is  also  tlie  filter  transfer  function 
in  the  time  domain,  i.e. 

V^(nT)  = h(nT) 

Also  the  filter  transfer  function  in  the  frequency  domain  can  be  found 
from  equation  (A.  2).  Using  these  results  the  transfer  function  and  also 
unity  impulse  response  of  filter  was  progranmed  in  the  ccai^uter  and 
computed  using  the  same  sampling  frequency  as  that  of  the  wave  digital 
filter  of  Section  3. 

The  simulation  computer  programs  are  given  at  the  end  of  this 
appendix  and  their  corresponding  outputs  are  given  in  Tables  A.l,  A. 2 
together  with  the  results  obtained  for  the  same  filter  using  wave  digital 
filter  design  for  conparison  purposes.  Note  that  no  graphs  are  given 
for  this  simulation,  since  they  were  exactly  the  same  as  the  wave  digital 
filter  graphs. 
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Wave  Digital  Filter 


Conventional  Digital  Filter 
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0.66  46  36  0 0 
6.9///0O  Ou 
C.9/0J1U  00 
C.  '>0.'61<6  00 
6 • ‘ 7-4  U.  J 0 6 
C.  7V6*'  /U  00 
6.947)040  0 0 
0.944600  60 
C.9441J0  00 
6.94  8990  0 6 
0.948940  00 
6.974620  6C 
C. 966990  30 
C. 9081211  00 
C. 976170  00 
0.984060  00 
0.99  1040  00 
£.996390  00 
0.999460  00 
6.999790  00 
6.997220  UC 
0.991930  00 
6.984430  00 
0.979520  00 
0.966170  00 
6.997420  00 
C. 990270  OO 
C. 945590  00 
6.944080  JO 
O.94al60  00 
0.951920  00 
0.960960  00 
0.972300  00 
£.984221)  JO 

а. 9942o0  JO 
£.999670  00 
£.998190  OC 
0.989060  00 
C.9742jO  00 
0.9  5 7 9 70  0 0 
C.  946230  00 

б. 94  9400  00 
0.960260  03 
6.987710  00 
6.996860  00 
0.911060  00 
0.706923  JO 
0.492110  00 
0.334990  JO 
0.23  1800  00 
0.1o4450  00 
0.  1 1 9500  00 
0.886630-01 
0.66  9500-01 
0.513130-01 
0.398290-01 
0.  312540-0  1 
0. 247570-01 
0.197730-01 
0.159070-01 
C. 128790-01 
0.104883-01 
C.8584J0-02 
0.70  5823-02 
0. 582770-02 
0.4829/0-02 
0.401620-02 
0.33  5003-02 
0.280213-02 
0.234970-02 
0. 197490-02 
0.166340-02 
0.  14036  u-02 
£•  118643-02 
0.100440-02 
0.851453-03 
C. 722690-03 
0.6140o3— 03 
0.522263-03 
0.444553-3? 
C.37967U-0  a 
0.  32  2 743-  03 
0.27521 0-03 
C.2347tu-03 
C.2O03 13-03 
0.1  7 0940-))  3 
6.  1498  jO-Oa 
0.124513-0  3 
C.  I jOfc43-J  3 
£.9uea.-J-o4 
0.7729^3-04 

C.  !>5C86u  — 04 
6.ao  la/j-34 
0.4  7 ;9  »J-04 


O.lUvIOjJ  31 
1)0 

U.993b  73  30 
6.9910J3  00 
6.9u48jJ  00 
0.9///50  33 
6.9/0323  00 
6.963063  00 
C.9a64uJ  JO 
£.950  993  0 0 
0.94O95J  00 
0.94  9623  00 
C.944iJj  JO 
0.945593  00 
6.940943  00 
C. 954023  3C 
0.96  05a0  00 
0.963123  00 
0.976170  30 
0.984063  30 
C.  99  1053  03 
0.996400  30 
6.999460  00 
6.995790  00 
0.997220  00 
3.991930  00 
0.984430  00 
0.975520  00 
0.96  6 1 70  30 
0.957420  30 
£.950270  00 
£.94  5 5 90  0 0 
0.944080  00 
C.  946160  00 
0.95  19  20  00 
C.  96  09a0  00 
C. 972310  00 
0.934220  00 
£.994260  00 
£.999670  00 
0.998130  00 
£.989070  00 
0.974230  00 
0.957970  00 
0.946240  0 0 
0.945400  00 
£.960260  30 
0.987710  00 
0.9963o0  00 
£.911060  00 
0.706920  30 
0.492110  00 
£.334990  OC 
0.231830  03 
0.164453  00 
£.115500  30 
0.836620-31 
C. 669503-31 
0.513la0-01 
0.398293-01 
0.312543-01 
0.2475/0-01 
0.  197733-01 
0.1590  70-01 
0.12879  0-01 
C. 104883  -01 
0.8  58460—02 
0.  735923-02 
582770-02 
0.4829/0-02 
0.401620-02 
0.33  5w63—  02 
0.26  0210-02 
0.2349/0-02 
3.197490-02 
0. 16a34J— j2 
0.  I403o3-02 
0.118640-02 
0.  IO04..3-02 
0.352433-03 
0.72  268  0-0  a 

0.6)  4 3->a  -6  J 

0 .52  2263-0  3 
0.-.4  tv>u-Ja 
C.  J {=6  /j-o  a 
0. 2 7 -M-0  3 
6.-  /‘'.'IJ-Ja 
0 ..  a - /o6-  0 a 
u J ) ' ) J — 0 a 
i J-Ja 

» )-Jj 

)’•).'•'  1 3-j  a 

r‘ 

0.  I ' t 
0,  •«  / * )- 


Table  A-l«  Computer  frequency  response  output  for  both  wave  digital 
filter  and  conventional  cascaded  digital  filter  . 
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«»>**#* 


Time 


Wave  Digital  Filter 


Conventional  Digital  Filter 


0*0 

C. ICJCCU- 

01 

0 . 19  .‘b  }O~0  3 

C.22U3JU-J2 

0.1  JJH  /J-  >3 
C.22u-.Ji- J2 

•Ji 

(.  1 l9t  JJ-0  1 

0 .1  i 

0.  JO  JO  )J-Ol 

O.tl ll J(-J 1 

O.'*  1 1 1 1 

0 • H i 

C.IO 

c.3.;J  JJ 

C.  1 Jo  .>  jJ  j J 

0 • ^OJOCJ' 

•Oi 

O.LHyjoJ  JO 

J tin  J J 

0«  oCoCC^^Ol 

0.2bsbaJ  00 

C.  2b  bb(i  J J J 

w • 7CCCCit^tJl 

C«^7 

JC 

C.^/S3/J 

O.MUJO JUH>L 

o.4:i.?^jj  JO 

Jo 

O.sCJGCJ^CL 

0.79b^oJ^i 

C.  TSbAotz-J*. 

0.  iOuOCD 

00 

-0.  58 

J 1 

-J  J 1 

u.  iijcoa 

00 

-0.12S39(  uO 

-0. 12  S3  rj  JJ 

U. 

00 

-(.  1044ocl  u( 

•C.iuS^c.)  Jt 

0. iJJOOC 

00 

-C  .le  1 

•0  . 16  b2  0 J-‘)  1 

0.  i<iCCCO 

00 

0.64  / 12  1 

Qmt*t  /l^J^Jl 

0.  iSubCQ 

00 

0.34  15  7J-O1 

0.8416/J-Jl 

0.16J0UU 

00 

0.389  290-0  1 

0.38*>^  1 

0.  i;ooco 

00 

-0.  259790-01 

-0.25S79J- Jl 
— J .3  7 SS  J 1 

j.isojuo 

00 

-(.  574SW-01 

0.  190000 

00 

-0.359430-01 

•0.i59A^J-j  1 

0.4  COC  cO 

00 

0. 141920-01 

0.  141<»^0-01 

o...iauJO 

00 

C.49(2oJ-0  4 

0.490a6J*01 

0.22OCC0 

CO 

0.428390-01 

0*42o39U*C  1 

O.iiQCCO 

00 

0.580320-02 

C.b8C3««J*02 

0.2400CC 

JO 

-0. 287070 -0  1 

•0.2870oD*0i 

0. 2SCCC0 

00 

-0.3408  30-01 

-C.j4C83i)-0l 

O.^IOOCO 

00 

-C. 1104  70-01 

-0.11047J-J  1 

0.270000 

00 

0.16755  0-01 

0.  16733J-0  1 

0. lEOClO 

oc 

0.253870-01 

0.253  870-  01 

0. 290000 

00 

0.1052jO-O1 

0.105230-01 

0. 3COCCO 

00 

-0.115880-01 

-O.U56bO-01 

O.OlOCCO 

CO 

-0.206040-0  1 

-0«2J606j-Oi 

0.320000 

00 

-0.100290-0  1 
0.876790-02 

-0.100290-01 

0.330CC0 

00 

0. 8767o0- 02 

0.3^0000 

00 

0.  1834(0-01 

0.1634JJ-J  1 

0.3S000U 

00 

0.109640-01 

0.109640*01 

0.320  c CO 

00 

-0.553760-02 

-0.553750-02 

0.370000 

00 

-0.1599(0-01 

-0.159940-01 

O.3E0CCO 

00 

-0.1171o0-01 

-0. ll 7160-01 

0. 390cc0 

00 

0.249000-02 

0.248990-02 

0.40000C 

00 

0.135720-0  1 

0.  135720-01 

0. 210CCO 

00 

0.121680-01 

0.121660-01 

0.42O01.0 

00 

0.387620-03 

0.38/740-03 

0.430000 

00 

-0.108980-01 

-0.  10898  J-Oi 

0.440CC0 

00 

-(.  120720-01 

-0.  i2078'0-01 

0.4500CC 

00 

39770-02 

-0.2e97p0-02 

0.420CCO 

00 

0.d02XeO-02 

0.802150-02 

O.47UCC0 

00 

C*l] 

o.iue8o-oi 

0.480000 

00 

0*4< 

0.476450-02 

0.490CC0 

00 

-0.52159U-02 

-0.  521580-02 

O.5OJO00 

JO 

-C. 993110-02 

-O.993I1O-O2 

0.510000 

00 

-0.586310-02 

0.277640-02 

-0.586320-02 

0.52O0C0 

00 

0.277630-02 

o-smcoo 

00 

(.828750-02 

0*828740-02 

0. S40CC0 

00 

0.63  032  0-02 

0*630320-02 

0.5500(0 

00 

-0.815630-03 

-0.658350-02 

-0.815540-03 

O.SoOOOC 

00 

-0.658340-02 

0.  S70((0 

00 

-0.625030-02 

-0.  625030-02 

O.S8OOC0 

00 

-0.662  720-  03 

-0.662800-0  3 

0.  S9O0C0 

00 

0.496390-02 

0.496380-02 

0. 2000(0 

00 

0.  58el5u-02 

0.586150-02 

0.610000 

00 

(.170760-02 

0.170770-02 

0.  220C(0 

00 

-0.3509(0-02 

-C.35090J-02 

0.6300(0 

00 

-0.  526530-02 

-0.526530-02 

0.640000 

00 

-0.238890-02 

-0.238900-02 

0.6S00CO 

00 

0.225320-0  2 

0*225310-02 

0.660000 

00 

0.  4 5 5 680-  02 

0.455680-02 

0.670000 

CO 

0.277770-02 

0.277770-02 

0.6800(0 

00 

-C.i 

’0A9O-J2 

-0.120160-02 

0.6900(0 

JO 

-C.380040-02 

-0.380040-02 

0.  icjcca 

00 

-0.293380-02 

-0.29336J-02 

0.2100(0 

00 

0.  349560-03 

C. 349510-03 

0.720000 

00 

0.304170-02 

0*30416 J— 02 

0. 730C(0 

00 

0.290720-02 

C.  29  0 720  - 02 

0.7400(0 

JO 

0.313550-03 

0.313e00-03 

0. 750000 

00 

-0.2 

3151J-J^ 

-0.231510-02 

0. 720((0 

00 

-0.2 

74l9i>-02 

-0.  274190-02 

0.V70U0C 

00 

-a*d008iJ*03 

-0.800850-03 

0. 7(00(0 

00 

0. 16474J*0^ 

0.164740-02 

0. 7900(0 

JO 

C.2<*777J-J^ 

0.247770-02 

0.8000(0 

JO 

0* 

0.11299 J-02 

0. 8100(0 

00 

“0*  lJl»7teO-Oi 

-0.  105760-02 

O.82OOOO 

jj 

i ;LwJ-J2 

-0.215100-02 

0.830000 

00 

-O.l 

3 201 J-02 

-0.13201J-02 

0. acoOLO 

JO 

0.53/2  UJ-U3 

0.557170-03 

0 . 8 500  (0 

JO 

0.  1793.J-02 

0.179320-02 

0. 8600(0 

00 

0.13  96(0-02 

0* 139600-02 

0.bKi.C0 

00 

-C.  1507.0-03 

-0 

-0. 15069U-03 

0. 080000 

00 

-0. 143060-02 

0. 650(C0 

00 

-0*  1381 10-02 
-0.  162520-03 

0.9000(0 

00 

-y.  lo.?bvJ“  J J 

0.  (1 JOOO 

JO 

o.l 

OH  ' 

0.  106340-02 

u. S20( (0 

JO 

U*  1 « '/»» 

0*  1.^9850-02 

0.93(000 

JJ 

y ,3 V 1 7>i- J3 

0.39  18 IJ-O  1 

0.  5 40 (CO 

00 

•J,  fhnOcO  — t > 

-0.  7 jOOiJ-03 

0.9500(0 

JO 

-J. 116930-02 

0.9(00(0 

00 

t i-v»  i 

-J.3‘»  35  JJ-03 

0.  9/00(0 

00 

O.H 

>0  - » > 

0.  48  /45J-J3 

Table  A.  2.  Conputer  output  for  unity  inpulse  response  of  both  wave 
digital  filter  and  conventional  cascaded  digital  filter 
in  the  time  domain. 
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magnitude  of  the 
aiiq)litude 


Fig.  A.4.  Graph  of  the  transfer  function  of  the  wave  digital  filter 
with  the  given  specification  in  Section  1. 


.279370 


0.0 

l 


-.12939* 


Fig,  A. 5.  G^h  of  the  unity  ^ulse  re^onse  of  wave  digital  filter 
with  the  given  specification  in  Section  1. 
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Computer  Progi^  No . 1 . Program  for  unity  impulse  response  of  the 
viave  digital  filter  with  no  delay  free  path  on  port  two  with  the 
given  specification  . 


C 

c 

c 

c 


c 

c 

c 

c 

c 

c 

c 


27 


c 

c 

c 

c 

c 

c 

c 

c 


29 

22 


la 

c 


37 

c 

c 


«««««««« 


WAVE  CIGITAL  FILTER 
me  RESPONCE  ***^ 


I /“FLIC  IT  REALMS  (A-H,0-Z) 

OlfENSiON  DATA(210,3J 

♦ CHE3ECHEV  LOW-PASS  FILTER  WITH  RS=2.0  ******** 

CCMPuf.tNT  values 

I/^QUCTANCe  AHO  CAPACITANCE  VALUES  IN  HENRIES, ANC  FARACS 
NCRMALiZEO  TO  CRITICAL  FREQUENCY  OF  1 RAO/StC  AT  3 00  POINT 
WITH  RL=I 

RSaZ.OCO 
ALi=2.42  7500 
C2  = .7<^;0D0 
A L3*4  ,36  95  00 
C 4s.  837-70  0 
A L5=4 .483600 
Cb  S.8  13700 
AL7=3. 405000 
RLsi .000 
WRITE  (6,27) 

FQR'8AT(5X,' THE  LNSCALED  COMPONENT  VALUES  ARE',//) 

WRirE(6,l8i  RL.RS 

WRITE (6, 22)  AL1,C2 ,AL3 ,C4,AL5,C6, ALT 

SPECIFY  THE  CUT  OFF  FREQUENCY  IN  RAO/SEC. 

OMGACslOO.OOO 

SAMPLING  TIME  IS  T 

r=,oioo 

IMOEDANCE  scale  factor  IS  SIMP 
SIMP=5C.000 

THE  EFFECT  OF  SA/^tPLlNG 
FREQUENCY  SCALING  WITH 
SFR6QsOTAN( 0MGAC*T/2) 
kSsRS ♦$ IMP 
ALI=ALI*SIMP/SFREQ 
C2=C2/(  SIMP^SFREQ  ) 

ALjsAL3*S  IMP/SFREQ 
C4<4/(SIMP*SFREQ) 

ALSsAlS^SIMP/SFREO 
CosC6 /( SIMPWSFREQ ) 

AL7sAj.7*SIMP/SrR£Q 
RL=RL«3IMP 
>.RITE(6,29) 

FORMATi 5X,' THE  SCALED  COMPONENT  VALLES  ARE',//) 

WRITE(6,22)  AL1,C2,AL3,C4,aL5,C6,AL7 

FCHMaT(5X,'  Li*'  ,ei2 .5  ,3X  ,'C2*'  , Ei2  .5,  'L3*' , E12.5, 3X,  'C4=',E 
I,  'L3*',£I2.5, 3X,*C6='  ,£12.5,3X,'l7  = ' ,E12.5,//) 

WRi~c(6,18)  RL,RS 

format (I OX,'  PL*'  ,El2.5,5X,'RS  = ',ei2.5,//) 

filter  scale  factor  from  oata  is  cjef 
CCEFs(RS«-fiL)/RL 
wRITc(6,37)  COEF 

F0RMATI5X, 'THE  FILTER  SCALE  FACTOR  I S. , £12 . 5 , //) 

CALCULATING  THE  WAVE  CIGITAc  FILTER  MLLTIPLIEP  COEFFICIENTS 


TIME  IS  SFREO 
PREWARPING  AS  WELL 


AS  TAKING  INTO  ACOUNT 


R i»RS 
R2sRi+ALi 
SIGMAIWRI/R2 
G ,1*  I.  GOO/R  2 
G3  *32  *C2 
Si «MA2*G2/G3 
K j*i.C0U/G3 
R4.R3*AL3 


3X 


PJBIP  P-AOJi  LS  BiST  QUALITY  PKACIIljuj-- 
rKOJI  00? Y fUBUUSHE  TO  UDC 


42 

10 


C 

c 

c 

c 

c 


c 

c 


c 

c 

c 

c 


S loMA3  = B3/R4 

G4=i..  C00/R4 

G5=G4+C4 

SiGMA-'.-G'i/GS 

Ri=i. lDO/GS 

KfcsRS-fALS 

S1GMA5=P5/R6 

Gt=i.C00/R6 

G7=G6 ♦Cb 

SIGMAd»G6/G7 

R7=l.uOO/G7 

R3=R7+AL7 

SlGf^A7=R7/R3 

Ptl=lo.L-P.d)  /(RL  *R8) 

WRITt(6t42) 

f=0SMAT<5X,' THE  WAVE  DIGITAL  FILTER  MULTIPLIER  CCEFFICIENTS  ARE,... 
*'  t//  I 

WRITE  (6,10)  SIGMAi  ,S  iGMA2  ,S  IGMA3 , 5 I GMAA.S  IG:^  A5,  S I GMAo,  S IGMA  7,  PHI 
FORHATt /, 4X, • SloMAl*'  ,F6.4,aX, ' j13MA2**  ,r6. 4 , A X , • S I GM A3= • ,F6.4,4X, 
♦ • SiGMA4='  , F6.4,<»X,  • SIGMA5='  ,Fo.4,  4X  , • S IGMA6=  • , F d . 4,  4X,  • SIGMA7=*  ,F6 
*.4,4X,*PHI=' ,F6.4J 

INITIAL  VALUES 


INPUT  IN  TIME  DOMAIN  IS  AS 

AS=1. COO 

CLTAT=0.000 

Ail=AS*COEF 

Xll-0.000 

Xi^sO.OOO 

X11=0.0D0 

X13=0.D00 

XI 4=0. 000 

X23=C.ODO 

X24=u.C00 

X33=0  .DCO 

X34=  C. COO 

X4j=0  .000 

X44=0,000 

XJ2=0.000 

X64=0.0D0 

X6 3 =0.000 

X64-=0.000 

X7.i=0  .000 

X73=0.0D0 

X74=L.COO 

ITTERATION  IN  THE  TIME  OOMAiN 


OC  IOC  1=1, <58 

3 li=All+>ll-X23  + SIGMAl*(  X23-X14) 
b.:2=X33+S  IGMA2*(ei2+X14-X33-X24) 
B ji=S  22+X24-X43+SIGMA3=»(  X43-X34J 
644=X53>S  IGMA4*(B32+X34-X53-X44) 
o52  = 642+X4‘,-X63+Si  3MA5»(  Xd3-X54) 
3 6i=X  Ji  + Slo  MA6=(3  52<-  X54-X73-X64) 
672=  e62  + X64-X72*S IGMA  7*( X 72-X74) 
rt72=b  72*PhI 

3 7l=3d2*-SlGMA  7*{A72-6d2+  X72-X73) 
061  = 371-332 ♦X73 ♦SiG«  A6  = (3  32-X63J 
d5l=&42+SIG.''A5=(bci-342<-Xe3-X53) 
644=c5i-33.,*X5j+SIGM«4=(  7 Jc-X'ti) 
e31  = B22>S  IuMAA*(t4l-B22<-X43-X33) 
8 21=331-3  l2>X33>Sn,,MA2=(612-X23  ) 
Bil  = All-fS  IGMA1*(B21-All+X23-Xij) 

UPDATED  VAcUtS 


X li=A  1 1 
X 13=611 


1S5 


?age 


,1„  tMonS**** 

dODC  — ^ 


c 

c 


X 

X2J 
Xi4 
X '3 
X'JH 
X^ii 
X44 
X 53 
X54 
X03 
Xt^ 
X?i 
X73 
X?^ 


&U 
B21 
B22 
331 
^632 
B4l 
642 
^651 
B52 
B6i 
‘8t2 
A 12 
B71 
8 72 


fOP  IMPULSE  RESPONCE  All  IS  SET  TO  ZEPO  FOR  THE  HEXT  ITTERATIQN 
A 11=0. COO 

mBhANGINC  the  OUTPUT  DATA 
OATA(  I ,1)=0LTAT 
OATA<  I,2J  = B 7.^*1  1.00  0+ PHI  ) /2 
CATAI  1 ,3  J=0  .000 
0L7AT*0LTAT+T 
100  CONTINUE 

WRITE (6,54J 

54  FCPMATI*!') 
wFITE(6,55J 

55  FOR-1AT(20X,  'TIME*  ,21X, 'OLTPUT  NO  !•  ,1CX, ' OUTPUT  NO  2') 

V«RiTE(6  ,20J  { (0ATA(N,M),V=i,3)f  N=i,98) 

CALL  GRAPHX(0ATA,93 ,4HTi ME , 9riMA0N i T LLE j 
20  FORMAT(.:OX,  E12.5  ilCX,E12.5  ,iOX,E12.S) 

STOP 

ENC 


•THU*  COr^ 


, j.  3S,sT 

!,  LO  UO 


•^0  uoC 


TRO* 
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■♦Mr**”' 


r.^tn 


~mr~ 


GPAPHX 

SuePCUTINE  CRAPhX  ( DATA, N, V INDEP , VAROEP » 
implicit  realms  (A-ri,C-ZJ 
DIMENSION  DATA! EiO,3I ,3( 12il 
DATA  lCT/* +•/ .star/ V f BLANK/ • •/ 

WRITE  (6, 300)  VlAOcP 

FORMAT!  ihl,  • THE  INOEPENOEfJT  VARIABLE  IS  • ,A4) 

WkI TEIo  ,400)  VAFDEP 

FORMAT! IH,*  THE  DEPENDENT  VARIABLE  IS  ',A4J 
WRITEIfc.SuO) 

FCFMATC  ') 

BIG£ST=0ATA(l,2) 

SMAl=CATA(1  ,2  J 

00  1 1=2, N 

IFOATA!  I.EI.GT  .aiGEST)BIGEST=OATA(  I ,2» 

IF  <0ATA!I  ,2J.LT.SMALJSMAL=DATA(  1,2) 

CONTINUE 
OC  2 I=i,N 

IF (DATA! I ,3 ) . uT .6 IGE ST J 31 GEST  = 0 AT A { 1,3) 

if(oata(I,3).lt.s;mal)  smal=oata( i ,i) 

CGi\T  INUE 

IF(SMAL.Gc.O.OOCJ  SMAL=0.000 
v.RITE(6,i00  ) S.'IAL.SIGEST 
eMINS=BIGE5T-SMAL 
DO  3 1=1,62 
e I I)=eLANK 
DC  4 1=1, N 

DATA  I I ,2)=(0ATA!I,2)-SMALJ^6l.0C0/eMlAS  + 1.000 
DATA!  I,3)=  (OATAd,  J)-SMAL  )*61 . 000/3M  I N 5+ 1.  ODO 
IlMOEX  = aATA(  1,2) 

JNCEX=CATA( 1,3) 
ai  INCEX)  = OOT 
8! JNCtX) =STAR 

WR  ITE(6, 100 ) DATA! I , 1 ) , ( 3 ( NNi ) , NN 1= 1 , 62) 

B(  I.NDEX)=8LAKK 
8! JNJEX)=BLA\K 
CCNT  INUE 

FCFMAT(BX,£12.5,5X,»  0'  ,14X,*M*  ,14X,  •0‘,12X,E12.S,/10X,6H  IH*)  ) 
FOR -1  AT!  IX,  F 8.  2,  1X,62A1) 

RETURN 

END 


c. 


^2Uter  Program  No.  2.  Program  for  transfer  function  of  the  uave 
s^^cificaJior  Siven 


c 

c 

c 

c 

c 


c 

c 

c 

c 

c 

c 

c 


Z7 


c 

c 

c 

c 

c 

c 

c 

c 

c 

c 


29 

22 

13 


C 

C 


j7 


C 

c 

c 

c 


*m***4**  AAyZ  CIGITAL  filter  i******^****** 

♦**»  FREQUENCY  RE  SPONGE 

implicit  realms  (A-H,Q-Z) 

OiMEKSICN  JATA(210,3J 
CaMPLEX'f'16  H2,W1,2 

50e  CHEaEChtV  LOW-OASS  FILTER  WITH  RS=2.0  ****^*** 

COMPONENT  VALUES 

INCJCTANCE  AMC  CAOACITANCE  VALUES  IN  HENRIES, AND  FARADS 
NCPMALI2E0  TO  CRITICAL  FREQUENCY  OF  1 RAO/SEC  AT  3 CB  POINT 
WITH  RL*1 

ftS*2. COO 
AL1=2.A2750C 
C2=.7A7000 
al2=A.36S500 
CA=. 637700 
A l5=4 .4886  00 
Co=.8  13700 
AL7  = 3 .406000 
Ri.*1.000 
nRITE 16,27) 

format IpX, ‘THE  UNSCALEO  COMPONENT  VALUES  ARE',//) 
wRITE(o,18)  RL,RS 

WR  1TE<  6,22)  AL  1,C2, AL3,C4,Al6,C6 ,A17 
SPECIFY  THE  CUT  OFF  FREQUENCY  IN  RAC/SEC. 

omgac=ioo.ooo 

SAMPLING  TIME  IS  T 
T=.U1CC 


IMPEDANCE  scale  FACTOR  IS 
SIMP=  50.000 


S IMP 


FREQUENCY  SCALING  WITH 

THE  EFFECT  OF  SAMPLING 

SFR£0=07AM  CMGACmT/2  ) 

RS=RS=>3IMP 

ALi  = Aa*SiMF/SFP£Q 

C2=C2/(  SIMP=(=SPREQ) 

al3=alj*simp/sfreo 

C4^C4/ISI,MP*SFREe) 

AL5=AL5*SIMP/SFREQ 

C6=C6/<S IMP^SFREO) 

AL7=AL7*SIMP/SFS£Q 

RL=RL*SIMP 

WRiTE(6,29) 

FQRMmTISX,'  THE  SCALED 


PREWARPING  AS  '*ELL 
TIME  IS  SFSEQ 


AS  TAKING  INTC  ACGUNT 


CCMPJNENT  VALUES  ARE',//) 


FCRMATIdX,'  Li='  ,h2.5  ,3X  , 'C2=',  Ei2-5,'L3=',612.5,3X,'C4*'  ,E12.5,3X 
1, 'L5='  ,cl2. 5,3X,'C6='  ,£12.5,3X, ' L7  = ' ,£12.5,//  ) 

WPITE(6,18)  RL,PS 

FORMA-'’IiOX  ,'  PL='  , E12.5,5X,  'RS=  ' , E12.5,/  / ) 

FILTER  SCALE  FACTOR  FROM  DATA  IS  COEF 
CCEF=  (fiS«-RL)/  RL 
hfiITE(c,37)  COEF 

FCRMATI5X, 'THE  FILTER  SCALE  FACTOR  I £ . . . . ' , E 1 2. 5 , / / ) 

CALCULATING  THE  WAVE  DIGITAL  FIlTcR  MULTIPLIER  CCEFFICIENTS 


R 1=RS 
Rii^Rl+ALl 
SIGMAlaRl/R2 
1*  CCO/R  Z 
^CZ 

iiGMA2«0^/^3 


Graphx,  subroutine  is  given  in  Conputer  Program  No.  1. 
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ooo  ooo  oOo  oor >0  0000 


a3*l.  COO/G3 
3+AL3 

S iGMA3  = R3/R4 

G‘*  = l.  COO/RA 

u3  = G4  +C  ‘f 

S1GMA^=C^/G5 

R 5=1.  COO/G5 

ac=R3+AL5 

SIuMA5=P5/R6 

GA=i. C00/R6 

G7  = G6  •♦C6 

SiGMAt=o6/G7 

R7=1.COO/G7 

R8=R7-»AL7 

SIGMA  7 = R7/R8 

PH1=(RL-R8)  /(RL +R8) 

C 

WRITE (6,42) 

42  F0RMAT(5A,  • THE  kAVE  0 I3I  TAL  F 1 1 TER  )«ULTIPLIER  CCEFFiClENTS  ARE.... 

,//) 

C 

WRITE (6, 10)  S I GM41, SIGMA  2, SIGMA  3, SIGMA 4, SI 3 MA 5 , SI GM46 , S I G MA 7 , PHI 
10  FCSMAT (/ ,4X  SI GMA1  = ’ , Fo .4, 4X , ' S I oM  A2= ' , Fo .4 , 4X  , •SIGMA3=* ,rc.4,4X, 
1*  sigma  4='  ,F  6.  4, 4X,  ' SiGMAD='  ,r6.4,‘tX  SIGMA6  = ' , F6 .4 , 4^  , • S I GM  A7=  * , P6 
2.4,HX,*PHi=',Fo.4,/) 


( 


FRSOUEMCY  RAMGE  IS  CHOSEN  TO  8E  TWICE  THE  CRITICAL  FRECLENCY 
FREGUENCY  INCREMENT 
0LTAW  = aMGAC  /50.  CO 

INITIAL  VALUES  IN  FRECUENCY  DOMAIN 

INPUT  IN  TIME  DOMAIN  IS  AS 

AS  = 1.  COO 

W=O.OCO 

ITTERATION  IN  THE  FRECUENCY  DOMAIN 


DC  110  J=l,98 

INITIAL  VALUES  IN  TIME  OCMAIN 
A11=A£*CCEF 

H2  = l)CMPLX(  C. coo, 0.000) 

TT=D.OCO 

X14=C.C00 

A43=0  .000 

X24=0.000 

X33=O.COO 

X34=0  .000 

X43=0  .000 

X^4=C . COO 

A 33=0 .000 

X54=0.000 

Xt2=C.C00 

Xo4=0  .000 

A /2  = C.CD0 

X 73=  0 .000 

X74=0.000 

ITTERATION  IN  THE  TIME  DOMAIN 


00  IOC  1=1, 
12=  A ) 1+  XI 1 


50C 

-X23  + SIGMA  X23-X14) 
■''A2*(312+X14-X33-X24) 
“ X43  •♦S I ^ ''"'A  j = ( X43~X3t) 
'•'14«>  (o  X 34-  > t3-X44) 
-X63  ♦$  IGMa5*(  Xti3-X54) 
MA6^  (B521-  X54->  73-X64) 
-X72+3IGM A 7»( X72-X74) 


822=X3j+S  13 
6 3^~d  X24 

34t=X33+SI 3 
E5  2 =642 ♦X44 
8 c2  = X7J'*-S1u 
87  2 = 86t*-X04 
A72  = ts72<‘PHi 
a7i=6  62*SIv,MA  70  ( A 72-8  62+  X 72- X 73  ) 


■■L  ■*  ■rO  '' 
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Xi 


ooo 


k 

I 


Btl  = B 7i-3  5^+X73+SIGMA6*( B52-X63) 
0t>l=S‘4^+Sib'^A5=*'ibt>l.-B^2.  + ;<c3-Xj3j 
B'l  l = bD  i-o32  +Xt)3  + S I GM  a4*  ( & 32-'A3  j 
0 3 1 = B 2 2 + S i G A 3 v ( 6 4 i - B 2 2 + X 4 3- X 3 3 j 
1:2 L=  e3i-b2  2*X33  4S  IG'1A2«(  B 12-X2b  ) 
8 i.i=All  + SlyMAL*iB21-All+X23-X13} 


updated  values 


> 

r 

L 

1 


100 

c 

c 


110 

c 

54 

55 

20 

C 


Xli=All 

X13=B11 

Xi4=a  12 

x^j=e2i 

X24=622 

Xj3=831 

X34=632 

X43=641 

X44-B42 

X53=8  51 

X54=B52 

Xt3=Stl 

X64=B62 

X72=A72 

X73=S  71 

X 74=B  72 

A11=0.000 

lf(T=ViX‘TT 

Wi  = 0CVPLX (0  .000,-WT  J 
Z=C0fcxP(Wl) 

H2=H4;+8  72X‘2 
TT=T  T + T 
CONTINUE 


0e=C0AE3(H2  )«(1  .000 +PH  )/2 

A;SB\NGING  THE  OUTPUT  DATA 

CATAi 3,1 )=W 

DA7A(  J ,2  )=0B 

DATA! 3,3 1=0.000 

w = '«^  + 0Lf  AW 

CONTINUE 


WRITE(6,54» 

PCPMATI'l'J 
^^R  ITE(  e,55) 

FCRBATI^OX,  'FREQ' ,21X, 'OUTPUT  NO  1 ', ICX,  'OUTPUT  NO  2') 
UhlTE  (o  ,2  07  ( (OaTaI N,M),y  = l,o),N  = l,9aj 
CAL,.  GRA?HX(0ATA,98,4HFR6a,9HMAGNI  TLOEJ 
FCfi'IAr  I20X,  £12.5  ,iOX,Ei2.5  ,iOX, £12.57 

STOP 

END 
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D-  Computer  Program  No.  3.  ^ogram  for  unity  impulse  response  of  the 
conventional  cascaded digital  filter  with  the  given  specification  . 


RESPONCE  ************ 
CCN'JVENSiONAL  DIGITAL  FUTER  DESIGN 


27 


29 

IZ 


la 


implicit  RtAL*8  <A-H,0-2) 

DIMENSION  DATA(^iO>3) 

CC^PLEX^IG  2 
dimension  A(a) ,2(7) 

chebechev  ljw-pass  filter  with  PS»2.0 

CCyPCNENT  VALUES 


******** 


INDUCTANCE  AND  CAPACITANCE  VALUES  IN  FENRIES.ANC  FARADS 
NCR-IALI2EC  TO  CRITICAL  FREQUcNCT  OF  1 RAO/SEC  AT  2 08  PCI  NT 
WITH  RL«1 

RS=2.QD0 
AL1=2. 427500 
C^=. 747000 
AL3=4  .3695D0 
C4=. 827700 
AL5=4 .488600 
C6=.a  13  700 
AL7-3. 40500  0 
RL=1 .000 
WRITE(6,27) 

FURM4T(5X,* THE  UNSCALEO  COMPONENT  VALLES  ARE',//) 

WRIT£(6,i8)  RL,  RS 

ii.RITE(6,22)  ALi,C2,AL3,C4,AL5,C6,AL7 

SPECIFY  THE  CUT  OFF  FREQUENCY  IN  RAO/SEC. 

OMGAC^IOC. 000 

SAMPLING  TIME  IS  T 
T».0100 

IMPEDANCE  SCALE  FACTOR  IS  SIMP 
SIMP^SC.OOO 

FREQUENCY  SCALING  WITH  PREWARPING  IS  SFREQ 

5FRfcO=2*OTAN( 0MGAC*T/2) /T 

RS«RS  ySIMP 

A4.i=ALi*SI  MF/SFPEQ 

C2*C2/(SIMP*SFREQ) 

AL3=AL3*SnP/SFREQ 
C‘,»04/(SI  MPx-SFREQI 
A4.5=AL5*SIMP/SFREQ 
C6=C6/(SIMP*SFR£Q ) 

AL?=»AL7*SIMP/SFfiEQ 
RL^RLMSIMP 
WR  ITE(6,29J 

FOR  IAT(5X  ,' THE  SCALED  COMPONENT  VALUES  ARE',//) 

WR  iTE(6,22)  AL  I,C 2, AL2, C 4, AL 5, C 6, AL 7 

FCRMAT(5X  Ll='  ,£12.5,3X,'C2=', £12 .5 , 'L3= ' , E12 .5, 3X, 'C4x ' ,E 12. 5, 3X 
l,'L5=',£i2. 5.3X,'C6x' ,Ei2.5,3X, ' l7x'  ,£12.5,//) 

WRlTc(6,18)  RL,  RS 

FURMATllOX,'  RL»'  ,E12.5  ,5X,'RS='  , iU.5t//  ) 

CALCULATION  OF  THE  COEFFICIENTS  OF 


C 

C 


37 


H(S  )=K/(S7+A6*S6>A5*S5+A4#S4+a3*S3+A2*S2+A  l*Sl+AC) 
AAC=(RL+RS) /RL 

filter  ’SCALE  FACTOR  FROM  DATA  IS  COEF 
CUEFxAAO 

WR1TE(6,37)  COEF 

FORMAT!  5X,' The  FILTER  SCALE  FACTOR  IS  . . . . ' , E12  .5, // ) 
AAIx  ( AL1*AL3-*Al5+AL7  )/RL>RS*(C2+C4^C6) 


Graphx,  subroutine  is  given  in  Conputer  Program  No.  1. 
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XKIS  P.AG£  IS  BAST  QUALITY  I’RACllC^U 
FSOM  COPY  iujuushkl  to  DDC  — 


oooooooo  o-  oooorio 


41 


40 


A42=<C4>C6  J ♦(  AL1*AL3*AL7*RS/RL)  ♦C2*(AL1*(Al  3+AL5+AL7J*R  S/RL)>AL5*( 
*Cc*C4*RS/RLJ 

AAo*(  ALI^AL  3)*(  AL5+AL7)*C4/RL>(  AU3>AL  5 ) *(0  2’*C  6*RS+(C6*  AL7+C2*ALl ) / 
*RLi  + C4#RS«‘(C2»AL3+AI.5*C6  J ♦ALi*AL7*(  C2iC6)/RL 
AA4=(  ALl-*-At7*RS/Rl.i  »(  ALS*  C6*<C2  +04  ) +41  J*C2 » (C4*C6  ) ) +04*AL5* AL3*  ( C6 
•♦C20RS/RL) 

Aa5=aH«'(C2*AL3*(C40(  AL5+AL7)*C6*AL7  J4AL5*C6*AL7*(C2-«-C4;  )/RL+AL3*C 
*4*Al5*C«.*(AL7/«LK2*RS) 

AA6=C2*AL3*C4*AL5*C6*(AL7*RS/RL  ♦AH  J 
AA7=( AL1*C2*AL3 *04*415*06* AL7)/RL 

A(1J  = 1 .000 
A(2i=AA6/AA7 
A(Ji=AA5/AA7 
A 441 »AA4/AA7 
A<  5)*AA3/AA7 
A<6J  = 4A2/AA  7 
A (7) =AAl/AA7 
A1  6)«AA0/AA  7 

CCEFi *OOeF/AA7 
hP  ITE (6,41) 

FCBMAT (5X, • THE  COcF.OF  H( S )=K/ ( S 7+A 6*S6+A 5 *S5+A 4*S4+A 3* S3+A 2*S2+ 
l«i*Sl>A0)  ARE*,/) 

WR  1TE( 6,40)  A ( 2),A(3)  ,A(4) ,A( 5)  ,A( 6) , 4(7) ,A (8) 

FORSATOX  ,' A6=*  ,E12.5  ,3X,  *45= £12.  5 , 2X , • 44=  * , E 12 .5 , 3 X,  * A 3=  * ,£  12.  5 
1,3X,*A2=’ ,£ i2.5,3X,*  Al»' ,£12.5,3X,*  A0  = ' ,£12 .5 ,/  ) 

WF,  rE(6,43)  COErl 
F0?MAT(5X,'  K='  ,£12.5,//) 

CALCULATIOU  OF  THE  OOEF.  CF  THE  EON. 


H(  S): 


K/( S2+Al*S+81) ( S2>A2*S+B2) (S2+A3*S+B3) (5+64) 


N06vJ=7 

CALL  ZP0LR( A,NOEG,Z,IER) 

Pi=-2  .0  00*REAL(Z(1)  ) 

F1=R£al(Z( I ) )**2+AIMAG(Z( 1) )**2 
Pc=-2.000*R  EAL(  Z(  3)  ) 

F2=REAL(Z(3 ) )**2+AiMAG(Z(3J )**2 
Pi=-2.000*R£AL(  2(5)  ) 

Fj=REAL(2(5))**2+AIMAC(Z(  5))**2 
P4»-REAl(Z( 7) ) 

PP=1.CD0/AA7 

M R IT  £ ( 6 , 42 ) 

42  FCF.'*AT(5X,*  TH.e  COEF.  Of  h(S)  ARE 

1 h(  S)«K/(  S2+A1*S+31)  ( S2+A2*S+B2)  ( S2+A3*S+B3)  ( 5+847 • ,//) 
WRIT6(«j,60  J Pl,Fl,P2,  F2,  P3,  Fi,  P4,  COEF  1 
0 FORMmKIX,*  Ai='  ,£12.5,1X,'61='  ,£12.5,2X,*A2=',£12.5,1X,  •82»*,£12.5 
1, ^X, • AJ** ,E 12.5,1X, *0  3= £12. 5, 2A, *44=* ,E12. 5,3X, ' K='  ,E12.5  ,//) 

calculation  of  the  COEF  OF  HiZJ  rtlTF  SAMPLING  FEPIOO  OF  T 


-I  7 -I  -1  -2  -I  -2  -1  -2 

H(ZJ*K*(l+2  ) /(1+A4*Z  )(1+A1*Z  +B1*Z  )(1+A2*Z  +B2*2)(1+A32  +832  ) 


66 


F»2.GC0/T 

FF»F*F 

S.«2.L00*(F  l-FF )/(FF  + Pl*F  + Fl) 

D.=(FF-P1*F ♦Fi)/(FF+P i*F+Fl) 

82*2. COO* (F2-FFJ/(FF+P2*F+F2 ) 

0i  = (FF-P2*F+F2)  /(rF+P2*F  + F2) 

63=2 .OCC* (F3-FF  )/ ( F F ♦P3*F ♦F 3 ) 

Oj=4FF-rPj*F+F3)  /(FF+P3*F+F3) 
a^=jP4-F)/(  P'»+F  ) 

CC£F2«CC£F1/((P4+F) ♦ ( FF+F*P 1+F 1) *( FF tF ♦P2+F2 J •( FF ♦F *P 3+F3 ) ) 

«.F  (TE(  6,66) 

format (2X, 'The  coef.  of  z**-i  anj  z**-2  in  olaoratcrc  fcbp  amj  tct 
Ul  multlying  factor  K,  are...',/) 
mRITE (6,oU)  8 1, 0 1, 8 2, 0 2, 8 3, 03, 8 4, CCcF2 


* 


fin  oooo  oooo 


INIT  WL  VALUES 

Input  in  time  ocmain  Is  up 

UP=J..iiOO 

LFF^UfoCOEf 2 

X1=O.COO 

X2-J.OCO 

X3=G. COO 

XA-C.OOO 

X5»0.000 

X6-G. COO 

X7=Q.OOO 

0LTAT»0.0D0 

ITT  ER  AT  ION  IN  THE  TIME  DOMAIN 


00  iOO  I=lt98 

VI=UPP-fXl 

V2=Vi-fX2 

Vj*V2*XJ 

V»V3+  XA 

Xl=UPP-34<‘Vl 

X2=2*V1-B1*V2>X5 

X3=2* V2-62*V3*X6 

XA«2*Vj-B3*V>X7 

X5»V1-01*V2 

Xo=\/2-02‘i‘V3 

X7*V3-03<‘V 


FOR  IMPULSE  RESFONCE  UPP  IS  SET  TO  ZERO  FOR  THE  NEXT  ITTEBATIGN 
UPP=0  .000 

ARRANGING  THE  OLTPUT  DATA 
OATA(I,iJ=OUT AT 
DATA! I ,2)»V 
DATA! I .3}»0.000 
Oj.TAT=OLTAT*T 
CONTINUE 

WRITE<6,54) 

FQRMATI^ 1* 1 
rtRITE<6,55) 

FCBMATUOX, 'TIME*  f2lX,  'OUTPUT  NO  1 ICX, 'OUTPUT  NG  2'J 
WRITE  (6  ,201  < (0A7A(  N,M},Msl  ,3  J ,N=i  ,981 
CALL  GRAPHX(DATA,98, AHTIME,9HMAGNITU0E) 

FCBMATIZOX  ,E12.5  ,I0X,E12.5  ,iOX,E12.5) 
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Computer  Program  No,  4.  Program  for  transfer  function  of  the  con- 
ventional  cascaded  digital  filter  with  the  given  specification. 


C 

c 

c 

c 

c 


c 

c 

c 

c 

i 

c 

c 

c 


27 


c 

c 

c 

c 

c 

c 


29 

22 

18 


C 

c 

c 

c 

c 

c 

c 

c 


FREQUENCY  RE  SPONGE  **** 

CONNVENSXONAt.  DIGITAL  FILTER  DESIGN 

IMPLICIT  REALMS  (A-H, C-Z) 

CQMPL£X*16  wT.ZfYfH 
D1!»ENS1CN  0ATA<2i0,3J 
Ui.tENSiON  Aiai  , Y(7} 

CCPPONENT  VALUES 

CHE3ECHEV  LOW-PASS  FILTER  WITH  PS*2.0 


******** 
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INDUCTANCE  AND  CAPACITANCE  VALUES  IN  FENRIES,ANC  FARADS 
normalized  to  critical  frequency  of  I RAO/SEC  AT  3 08  POINT 
WITH  RL=1 

RS>2.G00 
Atl^Z.-Va  7500 
C2*.  747CD0 
A L3»4. 369500 
C<i». 837700 
A £5^4.488600 
Co>. 813700 
AL7-3. 405000 
RL«i.C00 
WRITE<6t27J 

FORMATISX,'  THE  LNSCALEO  CCWPONENT  VALUES  ARE',//! 
wRITE(c,I8!  RLfRS 

WPI TEIE ,22!  ALI,C2,AL3,C4,AL5,C6,  Al7 

SPECIFY  THE  CUT  OFF  FREQUENCY  IN  RAO/SEC. 

ONGAC*100.300 

SAMPL  ING  T IM6  IS  T 
T».01C0 

IMPEDANCE  scale  FACTOR  IS  SIMP 
SiPP*50.000 

FREQUENCY  SCALING  WITH  PREWARPING  IS  SFREQ 

SFPtCa2*0TAN(0MGAC*T/2!/T 

RS»RS*SIMP 

ALi*ALl*SIMF/SFBEQ 

C2»C2/<SIMP*SFREQ1 

ALi« ALj*SIMP/SF«£Q 

C*,»C4/(SIMP»SFR£Q! 

ALS*AL5»Sl.MP/SFPtQ 

C«>»C6/(SIMP*SFREQ) 

Ai.7»AL7*SIMF/SFPE0 

RL»RL*SIMP 

WRr  E(6,29! 

F0RMaT(5X ,' THE  SCALED  COMPONENT  VALUES  ARE',//! 

WR  ITEI 6,22)  ALI,C2,AL3,C4,Al5,C6 ,Al7 

format (5X, •£!=' ,£12. 5,iX, '02=', cl2.5,  'LJ* ’ , E 12.  ‘ , 3X , '04* • ,E12.5,3X 
i.'LSa*  ,ci2.5,3X,'Co*'  ,E12.5,JX,'L73'  ,Ei2.5,//  ! 

*PITE(e,18!  RL,RS 

format  dOX,'  RL»',CI2,5,5X,  'RS»',E12.5,//) 

CALCULAnON  O^THE  COE^ICIcNTS  UF 

H(3!aK/(S7+A6*S6+A5>*S5*A4*S4+A3*S3*A2*S2*Al*Sl*A0) 

AAC*(PL*flS! /RL 

FiLTEr’sCALE  FACTOR  FROM  DATA  IS  COEF 

CCEF»AAO 

4R1TE«6,j7!  COEF 

FCRMATIbX The  FILTER  SCALE  FACTOR  IS  . . . . ' , E 12 . 5, // ) 

AAis( AL1*AL3*AL 5*AL7) /RL+R S*( C 2*C 4*C 6 ) 


A 

Graphx,  subroutine  is  given  in  Con?)uter  Program  No.  1. 
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oo»'*or>o<'>o  O'  nooooo 


AL3*A1.5J*<C2*C6*PS*<C6*4L7*C2*ALi)/ 

L7*<Ci*C6)/RL 

♦C4i*ALi*C2»<CA+C6)  J*-C4*AL5*AL3*(C6 


.♦ALi) 

'RL 


/(S7*A6*S6*A5*S5*AA*S4  + A3*S3-fA2*S2+ 
.A(6)  ,4(7) ,A(8) 

£i2.5,3>,'A4«' ,£12.5,3X,'A3»' ,£12.5 
3X, • A0«*,£12  .5,/  ) 


AA2a  (C4+C6)  ♦(  AL  1+A(.3+AL  7*RS/RL  ) +0  2*(  AL  1«-(  A(.3+AL5*-AL7)  ♦«  S/RD*  AL5*  ( 
*C6+CA*fiS/RL) 

AA3«<  ALi*At3J*(Al.5+AL7)*C4/RL*( 

*RL)-*'CA*ftS  ♦ ( C2*AL3'»AL5>*C6  ) tALi  ♦A 
AAA»(  Al.l*AL7*RS/RL)*(AC5*C6*(C.i 
♦+C2*RS/aL ) 

A AS*  All  *IZZ  *AL3  *(CA*(  4C5>AL7)  ♦€  A*A1.  7 )-»AL5*C6*AL  7*(C2*C4)  ) /RL+AL3*C 
• -♦♦ALS^Co*  ( AL7/RL+C2*RSJ 
AA6-«C2»ALj<‘CA*AL5*C6»=(  AL  7»P  S/RL 
AA7a(  AlI*C2*AL3  ♦CA<=AL5*C6*AL7)/ 

C 

A(l)sl.000 
A (2)aAA6/AA7 
A(i)aAA5/AA  7 
A( A)=AA4/AA7 
A(5)-AA3/AA7 
Alo)aAA2/AA7 
A(7)»;A1/AA7 
Aia)  SAA0/AA7 
C 

CC££laCO£F/ AA7 
RPITEIA.AI) 

41  FaR‘1AT(5x,*TH6  COEF.OF  H(S)«K 

1A1*SI«A01  AR£',/J 

R.UTE(6,40)  m(  2)  ,A(3)  ,A(4)  ,A(5) 

40  FCRMA:(5X,*Aoa',eii..5,3X,  'A5a*, 

1 ,jX,'  A2«'  ,£12.5  ,3 X,'  Ala*  , £12. 5, 

»iP.ITfc(t,4iJ  C0£ci 
43  FCfi'4AT(5x,'K»*,E12.5,//) 

CALCULATION  CF  THE  COEF.  ^ THE  EON.  ^ 

H(SJ»  K/(S2*Ai*S>81J {i2+A2*S*82j7s2+A5*S+03) (S+04) 

N0£G»7 

CALL  2POLR( A,N0EG,Y,1ER) 

Pia-2.OG0<‘REAL(  y(  1)  ) 

Fiaft£AL(Y(l ) )**2>AiMAG(Y ( 1))**2 
P^»-2.CJ0*REAL{ Y(3) ) 

F2aRE«L(Y(3 ) )**2+AIMAG(Y(3) J**2 
pj«-2.000*REAL(Y(5) ) 

FjaREALI  Y(  5) ) **2+AIMAG(  Yt  5)  )**Z 
P4a-R£AL{Y(7) ) 

PPal.CDC/AA7 
mR  ITE(6,42} 

42  FCPMATtSX  ,*  THE  COEF  . CF  H<S)  ARE 

1 H( S)»K/( S2+A 1*5*61) ( S2+A2*S*32) 1 S2+A3* 5*63 ) ( S+84 ) • ,//) 

WRITE(6,60)  PA,Fi,P2,F2,Pi,Fj,P4,COEf  1 ^ 

0 rCRMATClX  ,' A1 a«  ,ci2 .5 ,1X , • 81* ' , £12. 5 , 2X , • A2* ' , E 12 .5, IX, »B2* • , E 12. 5 
1, 2X, •Aj**,c i2.5,iX, *83** ,£12.5,2X,*  A4** ,£12 . 5 ,3X , ' K*'  ,£12.5,//) 

CaLCUIATIGN  CF  THE  COEF  OF  H(Z)  WITF  SAMPLING  PERIOD  OF  T 

-1  7 _l  -i  -2  -I  -2  -I  -2 

H<Z)»K*(1*2  ) /(1*A4*2  )(1*A1*2  *81*2  )(1*A2*Z  ♦82*ZJ(1*A3Z  *83Z  ) 
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F*2.00C/T 

FF»F*F 

ola2.C0C*<  Fl-FF)/(FF*PI*F*F1) 

01»IFF-P1*F*F1)  /|FF*P1*F*FI) 

82*2  .0C0*(  F2-FF  )/  (FF*P2*F*F^) 

02*(FF-P2*F+F2) /(FF*P2*F*F4J 
ttj*2.0GO*( Fj-FF )/(FF*P j*F*F3) 

Oi*(  Ff-Pj*F*F3)/(FF*P3*F*F3i 
3 A*| PA-F ) /( P4*F) 

CCiEF4*C0EF1/  ((P4*F)  •(FF*F*P  l*Fi)*(  FF*F*P2*F  2)  *(FF*F*P3*F3)) 

WRITE (o,ct) 

FOR 1AT( 5X, * THE  COEF.  OF  Z**-l  AND  Z**-2  IN  CUACFATURE  FCPP  ANC  TOT 
lAL  MULTLYiNG  FACTOO  K ARE...*,/) 
laR  I TE  ( 6 ,oO)  81,wl,32  ,C2 , 63  ,uj  ,84,CC£F2 


>PM^ 
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oooo  ooo  oooo  rtoo  f>r>o 


C 

C INPJT  IN  TIME  OCMAIN  IS  UP 

UP>1.0C0 
UPP=UF*CCEF2 

fREQUtNCY  RANGE  IS  CHOSEN  TO  BE  TWICE  THE  CRITICAL  FREQLENCY 
FRcgUENCY  INCREMENT 
0LT4w*aMGAC/5O.COO 

INITIAL  VALUES  IN  FRECUENCY  DOMAIN 

K ^ C«  0 CO 

JTTERATJCN  IN  Th£  FREQUENCY  DOMAIN 


DC  lie  J=l, 98 

initial  values  in  TIME  DOMAIN 

UF1*UPP 

TT»O.COO 

H-CCHPLX(0. 000,0.3 00 ) 

xi>a. coo 
x2»o.ooo 

X3«0.000 

X4«0. coo 

X!j>0 .000 
X6«0. coo 
XT>0.  coo 

I ITERATION  IN  ThE  TIME  DOMAIN 


100 


110 


5^ 

55 


20 


DC  IOC  1*1,500 

V 1*JP 1 + Xl 

V2»V14X2 

V2aV24X3 

V*Vi+X4 

X1*UF1-B4*V1 

X2*2*\l-ei*V24X5 

X j*2*V2-6^*V3*X6 

X4»2*V3-B3*V+X7 

X5*V1-01*V2 

X6»Va-02«V3 

X7»V3-03OV 

UP  1*0. COO 

W1*W*TT 

WT*OC  PPLXI 0.000 ,-Wl ) 

2*C0EXP(WT) 

H»h+V»Z 

n»TT4T 

CONTINUE 

0a«C0ABS(H) 

ARRAN  CING  The  OUTPUT  DATA 

DATA! J,1 i*W 

DATA! J,2)*JA 

DATA! 3,31*0.000 

h*h40LTAW 

CONTINUE 

WRirEI6.54) 

FORMAT!  U*  ) 

WR  ITE  (fe,55  ) 

FCRMATI20X,'FReC'  ,21X, 'OUTPUT  NO  1 • ,10X,  • OUT  PUT  NO  2') 
WRIT  t(  0,20  J ( (DATA!  M),*U1,  j)  ,N.i,S8> 

C*Li.  ORaPHX  (0ATA,98  ,4hFREC,4M''AGNJ 
FuRMATI 20A,E12. 5 ,1CX,E12.5  ,10X,E12.5) 


STCP 

ENC 


( 
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[1]  Anatol  I.  Zverev,  Handbook  of  Filter  Synthesis,  1967,  pviJlished 
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APPENDIX  2 


A - Computer  Program  No.  5.  Program  to  calculate  the  rms  error  due  to 

truncation  in  the  number  of  bits  of  wave 
digital  filter  multiplier  coefficients, 
c ••••  FueOUE'^CY  sespqnce  ♦*** 


c 

c 

c 

c 


c 

c 

c 

c 

8 

8 


13 

22 


37 


C 

C 


c 

c 

c 


c 

r, 

c 

c 

c 


I^IPLlCr  "lEAL^e  (A-H,0-Z) 

DIMENSION  0ATA(21} i3) 

DIMENSION  □ATA3(210t3) 

co2*onent*vauSes‘'^^®^''^^'^  filter  with  RS»1.0  **♦*♦*•• 

inductance  AMO  capaci’-ance  values  in  fenries.anc  farads 

NORMALIZED  TO  CRITICAL  FREQUENCY  OF  I RAO/SEC  AT  3 DB  POINT 
with  RL*1 

RS=>1.000 
A Ll=l .789600 
C2»l. 2961D0 
AL3=2. 71770'' 

CA=1.384800 
AL5«2.717700 
C6=1.2961D0 
AL7»1 .789600 
RL>1.C00 

WRrE<6.18)  RL.RS 

FORMATIlQXf ' RL*'  i F6.A,5X,»RS=»*  ,F6.4,/) 

WRITE(6,22)  ALl,:2,iL3,CA.AL5,C6,AL7 

FORMA" ( 5X» • Ll= • f E12 .5  f 3X  f ‘CZ*  • f E12. 5,  'L3= ' I E 12.  5f  3X,  'C4»*  tE 12. 5.3X 
1,'L5»' ,£12. 5,3X,'C6  = ' ,E12  .5 ,3X, •L7»' ,E12.5,// ) ’ tcic.a.jA 

FILTER  SCALE  FACTOR  IS  COEF 
COFFa(RL-t-RS)/RL 
WC  ITE(6,37)  COEF 

F0SMATI7X the  FILTER  SCALE  FACTOR  IS . .. . • , E12 .5, // J 

SPECIFY  THE  CUT  OFF  FREQUENCY  IN  RAO /SEC. 

OMGAC >1.000 

SAMPLING  PERIOD  IS  OLTAT 
OLTAT»l.OOO 


FREQUENCY  SCALING  WITH  PREWARPING  AS  WELL 
THE  EFFEC’’  OF  SAMPLING  TIME  IS  SCALE 
3CA..E>1.000/0TAN(0MGAC*0LTAT/2) 
ALi>ALi*SCAL£ 

C2>C2*SCALE 

als^alsm-scale 

C4>C4MSCALE 

AL5>AL5*SCALE 


AS  TAKING  INTO  ACOUNT 


C6>C6*SCALE 
■ 'ALTnC 


AL7= 


ALE 


CALCULATION  TO  FIND  THE  TERMINATING  RESISTANCE  CF  EACH  ELEMENT 
AND  WAVE  DIGITAL  FILTER  mulTIslIE?.  COEFFICIENTS 
WITH  NO  DELAY  FREE  PATH  GN  PORT  TWO 


ftl«RS 

R2*R1>AL1 

SIGMAA-R1/R2 

G2>1.000/R2 

G3«G2+C2 

S IGMA2-02/G3 

R3>1.  C00/G3 

R ^-Ra+ALS 

S iGMA3*R3/R6 

S<,>I.OOO/R6 

6i)*G4<^ 

SiGMA4>GA/G5 

R S>1.000/G9 

R6-R5+AL5 

SlGMA5>i<5/R6 


Subroutine  Graphx  is  given  in  Computer  Program  No.  1 of  Appendix  1. 
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THIS  PAO£  IS  msi  QUALIIT  PIU6I1.CAW4 
FROM  COi  Y FUBWHSHTO  TO  DDC 


oooo  r»  oo  o or>r>oo 


G63l. OpO/R6 

G73G6+V-6 

S 1G'-«A6»G6/67 

R 7=1 . CDO/67 

R6=R7+AL7 

SIGMA7*R7/R8 

PHI»(  R1.-R8J  /{  RC+R8} 

F0RMAT(5X^'Vrie  WAVE  DIGI'^AL  FILTER  MULTIPLIER  COEFFICIENTS  ARE... 

• • f//  ) 


C INP'J'^  IN  T.»(^E  domain  is  as 

A 5=1.000 
UP=AS  RCOEF 

CALCULATION  OF  THE  FREQUENCY  RESPONCE  OF  THE 
FILTER  WITH  ORACTICALLY  INFINITE  PRECESION 
IN  ORDER  TO  SET  THE  REFFERENCE  DATA 

CALL  filter  (UP,SIG''Al,SIGMA2f  SIGMA3f  SIGMA4,  SIGMA5fSIGMA6tSIGKA7,  PH 
♦I ,0AT A.QMGAC.OLTATI 

00  220  JJ»l,20 
N08TS*JJ 

CALCULATION  OF  THE  ERROR  IN  THE  FREQUENCY  OOMAIN^OUE,  ^ 

TC  QUAN'T'IZATI  ON  OF  THE  WAVE  DIGITAL  FILTER  PARAMETERS  TO  THE 
REQUIRED  NO.  OF  BITS 

CALL  FILERR (UP.SIGMAl ,S IGMA2,S IGMA3, SIGMAA,  SIGMA5tSIGMA6,SIGMA7f  PH 
*I  ,0ATA,N06TSfER,0MGAC ,OLTAT) 

ou'^pu’  data  set  up 

DATA3  I JJtl)  >J3 
DATA3( JJt2)=ER 
0ATA3  (JJr3I>0.000 

220  CONTINUE 

PLOT  OF  THE  R.M.S.  ERROR  DUE  TO  QUANTIZATION  IN  THE  NO  OF 
BITS  OF  WAVE  DIGITAL  FILTER  PARAMETERS  VERSUS  THE  NO.  OF  BITS 


WP ITEI 6,54) 

FORMAT! ‘I* 1 

FORMA ‘NO.  OF  BITS*  ,15 X, 'MEAN  SOLAR  ERROR'  ,/» 
W ft  HE (6, 20)  ( (DATA3(N  ,M)  ,M=i,3)  ,N=l,2C) 

CALL  GRAPHX(0ATA3,20,4MNBIT,4HMSER)  . 

FORMAT!  20X, 612. 5 ,10X,E12.5  ,10X,612.5) 


r>oo  oon  oo  oo  ono  ooooo 


• Xl  '■ 


a 

c 


filter 

SL8R0UTINE  Ft LTERiUP , SlGMAl ,S ,S i GMA3, S IGMA4,SIGMA5f SIGMA6f SIG 
♦MA  7tPHI,DATA,0MSAC,DLTAT) 

SUBROUTINE  filter  TAKES  t hE  VALUE  OF  thE  INPUT  IN  THE  TIME 
DOMAIN  4N0  PLOTS  THE ' MAGN I TUOE  VERS.  FREQUENCY  CURVE 
Of  THE  WAVE  DIGITAL  FILTER 

implicit  realms  (4-4, 0-Z) 

CCMPLEX^U  H2,Wl,2 

DI.MeNSION  DATAI  210,3)  ,0T|210,3) 

FREQUENCY  RANGE  IS  CHOSEN  TO  BE  TWICE  THE  CRITICAL  FREQUENCY 

FREQUENCY  INCREMENT 

0LW*0MGAC/50 

INITIAL  VALUES  IN  THE  FREQUENCY  DOMAIN 
W 30.000 

ITTERATION  IN  THE  FREQUENCY  DOMAIN 
00  llo  J*1,98 

INITIAL  VALUES  IN  TIME  DOMAIN 

H230CMPLX( 0.000, 0.000) 

TT»O.COO 
XI  1^0  .0  00 
X13»0.000 

XIA^O  .000 

X2330.000 
X2n3a.000 
X3 3*0. 000 
X 34*0. 000 
X43*0.000 
X 44*0 .000 
X53*0.000 
XS4*0.000 
X63*0  .000 
X64* 0.000 
X72»0.000 
X 73*0.000 
X 74* 0.000 
All-UP 

ITTERATION  IN  THE  TIME  DOMAIN 
DO  100  1*1,500 

312«AI1+'X11-X23  + SI3MAI*(X23-X  14) 
a22*X33-»SI3M4  2^  (R  12<- X 14- X33- X24) 

33  2*B  22 *X2 4-X  43  +S I GM  A3*  ( X43-X  34 ) 

3 42*X53+SI3MA4*  (e32>X34-X53-X44) 

B52*B42  + X44-X63+SIGMA5*<  X63-X54) 

3 42*X73^SI GMA6* 1 352 ♦X54-X73-X64 ) 

B72*3t2+X<,4-X72+SI3M4  7*l  X72-X74I 
a72*B72*‘’HI 

3 7I*R  62+Sl  3 MA7* I A72-862*X  72*X73 ) 

3«>i*B71-852+X73>SIGMA6*(3  52-X63) 

&5l*842*SlGMA5*(65l-B42*X63-X53) 

B4l»3  5l-B32*X33+SiGMA4*4a32-X43) 

33i*‘»22+SI3M43*(B4i-3  22«-X43-X33) 

321»B31-612*X33*SiGMA2*(8l2-X23) 

B11*A1H-SIGMA  I*(3  21-AHyX23-X13) 

UPDATED  VALUES 

X 11* All 
X13*S11 
X14*B  12 
X23»821 
X24«a22 
X33-R31 
X34-B32 
X43-641 
X44«842 
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FILER9 


54 

21 

10 


33 


22 


C 

c 


SUBROUTINE  FILERRCUP, SIGNA1,SIGMA2,SIGMA3,SIGMA4,SIGMA5,SIGMA6,SIG 
*MA7,PhI,DATA,N0BTS  iEft,a«GACfDLTAT) 


subroutine  FILERR  takes  the  root  BEAN  SQUARE  VALUE 
BETWEEN  UNT  RUNCATEO  AMO  leUNCATED  VALUE  OF  THE  CUT 


FREQUENCY 
FREQU  ENCY 


DOMAIN  AND 
RESPONCE 


ALSO  PLOTS  the  FINITE  PRECESION 


OF  THE 
PUT  IN 


ERROR 

THE 


implicit  RE  AL*8.  U-H,(J-Z) 


DIMENSION 

DIMENSION 


DATA2( 210, 3] 
OATA(210 ,31 


OF  SITS  ,12,/) 


213 


WRITE(6,54) 

FOPMATI*!') 

WR  ITEI 6,21) 

- - ,thf  iiM^onwraT  fd  uai  iif?  aofu 

sigmas, SIGMA6,S IGMA7,PHI 
,F6.4,4X,'  SIGMA3  = ' ,F6.4,4X, 
IGMA6= • , F6.4,4X, •SIGMA7a* ,F6 

1 1*'  ,r  o.«»i 

A=sS  I6MA1 
B = S1GMA2 
C*S IGMA3 
D = SIGMA4 
E=SIGMA5 
P*SIGMA6 
U*SIGMA7 
ri=PHI 

WRITE (6,33)  NOBTS 
FORMAT! 1 OX,  • NO 

PERFORMING  THE  TRUNCATION  PROCESS  TO  REQUIRED  NO.  OF  BITS  , 

• NOBTS' 

S IGMAIsTRuNC! A,MOSTS ) 

SI GMA 2=TRUNC( B, NOBTS) 

S IGMA3=TFUNC(C, NOBTS) 

S IGMA4*T RUNCIO,  NOBTS) 

SIGMA  5=TRUNC<E, NOBTS) 

S 1GMA6=TRUNC(P, NOBTS) 

SI GMA7=TRUNC( G, NOBTS ) 

PHI=TRUNC(H, NOBTS) 

WPIte(6,22) 

FORMATtlOX, » THE  TRUNCATED  VALUES  ARE') 

WP  iT£(6,I0)  SIGMAI,  SIGMA2,SIGMA3,SIGMA4,SIGMA5,SIGMA6,SIGMA7,PHI 

CALCULATION  OF  THE  FREQUENCY  RESPONCE  WITH  WAVE  DIGITAL 
PARAMETERS  OF  FINITE  PRECESION 

CALL  FILLER  (UP,SIGMA1,SIG-A2,SIGMA3,SIGMA4,SIGMA5,SIGMA6,SIGMA7,PH 
*I  ,OATA2,OM3AC,OLTAT) 

CALCULATION  OF  ROQT  MEAN  SQUARE  ERROR 
ER  *0.000 
DO  213  KK*i,98 

Eft*cR+(DAT  A(KK,2)-0ATA2(KK,2)  )**2 

C ONTI  NUE 

ER=ER/98.000 

ER*DSORT(ER) 

SIGMAl»A 
S1GMA2*B 
SIGMA3«C 
S IGMA4-0 
SIGMAS-E 
SIGMA  6«P 
S IGMA7*G 
PHIaH 

RETURN 
END 


,1/ 
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TRUNC 


FUNCrnNTRUNC  (VftLUEiNOiJTS) 

C 

C FUNCTION  TRUNC  CONVERTS  Thc  VALUE  INTC  BINOMIAL  FLOATING 

C RllNT  A^ITHMarrC  AND  THEN  TRUNCATES  THE  VALUE  TC  the  DESIRED 
C NO.  Of  PITS  AND  "^HEN  CONVERTS  BACIL  THE  VALUE  INTO  DECIMAL 

C FIXED  POINT  ARITHMATIC 

C . max.  no.  of  TITSINOBTS)  WST  NOT  EXCEED  30 

C AND  the  ABSOLU'^E  value  of  •value*  MUST  BF.  LESS  THAN  1.009 

C AND  THE  absolute  VALUE  OF  'VALUE*  MUST  BE  GREATER  THAN  1.00-15 

C 
C 

implicit  REAL*8  <A-H,0-Z) 

DIMEnSITN  mlTPL  (301 
DIMENSION  ML’’(30) 

r 

A=DABS( VALUE) 

JJ=0 

I(  ( A.LF. l.OD- 15)  TRUNC  = 0.000 
IF( A.LE.l.OD-15)  RETURN 
D SlGN  = VALUc/DAbS (VALU  E) 

IFIA.SE. 1.000)  GO  TO  I 
FP  ACT  = A 
C = D.  ODO 
NeiTS=NOBTS 

C Th^E  magnitude  of  A IS  GREATER  THAN  I 

C 

GO  TO  20 
1 M=A 
8=N 

FR  ACT=A-8 
NaNT=0 


23 


38 


68 


16 


20 


JJ  = l 

CONTINUE 
M = N 

IF (N.EC.O)  GO  TO  38 
l'l=N/2 
f^M  = M-2*N 

I F (MM. EO.O)  GO  TO  23 
N0NT=NQNT+1 
MLT(NaNT)=l 
GO  TO  2 
''IONr=NONT  + l 
MLT(NCNT)=0 
GO  TO  2 
CONTINUE 

IFIHOBTS.LE  J'lONT)  GO  <,a 
C = B 

N 3ITS=N0BTS-M0NT 

GG  rc  20 

NP=N0NT-N0BTS*-1 
C=0.000 

DC  16  I=NP,Nr'N'’ 

C=CfMLT(l  )i2**(  I-l) 

C ON’’  INUE 
TBLNCsC^OSlGN 
RETUR  N 
CCN’’’  INUE 
DC  6 1*1, MBITS 
F=  ACT=F?ACT*2 
IF  (FRAC'.GE.l .0001 
MLTRL(I)»0 
IF(( JJ*MLTPL(  I)).EO 
GO  T Q 6 
CONTINUE 

F? act «FR ACT- 1.000 
MLTPL(1)»1 
U J»l 

CONTINUE 
RMA  NT-O.OOO 

DO  8 I«1,NBITS  , ^ 

RMANT  .R^ANT^mlTPLII  )*2.0D0**(-I  ) 
CONTINUE 

TR  UNC  «0  S I GN*( C ♦ RMANT) 

RETURN 

END 


GO  TN  7 

0)  N8ITS-N8  ITS<-1 


/ 
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B - Computer  Program  No.  6. 


( 


Program  to  calculate  the  rms  error  due 
to  truncation  in  the  number  of  bits  of 
conplex  wave  digital  filter  multiplier 
coefficients. 


FREOUEMCY  RESPONCE 


ROOT  MEAM  SQUARE 
FOR  complex  wave 


ERROR  OUE  TO  TRUNCATION 
DIGITAL  FILTER 


IN  NO.  OF  BI TS  ***** 


18 

22 


37 


implicit  PFAL*8  (A-H,0-Z) 

DIMENSION  0ATA(210,3} 

DIMENSION  0ATA3(210.3) 

m**»****f*,50B  CHE8ECHEV  LOW-PASS  FILTER  WITH  PS*1.0  ******** 

COMPONENT  VALUES 

inductance  and  CAbacitaMCE  values  in  HENRIEStANO  FARADS 
normalized  to  critical  frequency  of  1 RAD/SEC  AT  3 08  POINT 
WITH  RL»l 

RS*l. 000 
A Li>  1.78960  0 
C2=l .296100 
AL3=2.717700 
C4*l. 384800 
Al5»2  .717700 
C6>1. 296100 
AL7=1. 789600 
RL=l.ODO 

WfiITEi6,ia)  RL»RS 

format  IlOX,'  RL=  '•  F6.4,5X,  'RS*'  ,F6.4,/) 

WRITE  (6,22)  AL1,C2,AU,C4,AL5,C6,  ALT 

FORMATt  5X, 'Ll*' ,S 12. 5,3X  .•C2»* ,E12.5,*L3*'  ,E12 . 5 ,3X ,• C4 ,E12.5,3X 
1 ,'L5*',E12.5,3X,‘C6=',E12.5,3X,  •L7=SE12.5,//) 

filter  scale  factor  is  coef 
CGEF*(RL+  RS)/RL 
WRITE!  6,37)  COEF 

F0RMAT(7X,  'THE  FILTER  SCALE  FACTOR  I S.,  ..  • ,E12.  5 , //) 

specify  the  CUT  OFF  FREQUENCY  IN  RAO/SEC. 

0MGAC=1.000 


'•AKING  INTC  ACOUNT 


SAMPLING  PERIOD  IS  OL  TAT 
DLTAT-1.000 

FREQUENCY  SCALING  WITH  PREWARPING  AS  WELL  AS 
ThE  EFFECT  OF  SAMPLING  TIME  IS  SCALE 
SCAlE»1.0O0/OTAN(0MGAC*OLTAT/2) 
ali=ali*scale 
C2=C2*5CALE 
AL3»AL3*SCALE 
C4*C4*SCALE 
AL5»AL5*SCALE 
C6aC6*SCALE 
AL7=AL7*SCALE 

CALCULATION  TO  FIND  THE  TERMINATING  RESISTANCE  CF  EACH  ELEMENT 
AND  complex  wave  OIGI'^AL  FILTER  MULTIPLIER  COEFFICIENTS 
WITH  NO  delay  free  PATH  ON  PORT  TWO 

Rl»RS  ~ ^ 

R2*(RUAL1) /(l.0004C2'*(Rl>-Aa  )) 

R j»(R2*AL3)/(  1.0DO+:4W(R2+AL3)) 

R*,  » ( R3 ♦ AL5  ) / ( 1 . 000 +06  * ( R3 ♦ALS  J ) 

R 5»R  44AL7 

BETAll*  (2*R  1+AL  1+R1*R  l^C  2-ALl*ALl*C2)  /((R  1*-AL1)*(  1.00  04R1WC24AL1*C 
♦2)  ) 

GAMAll-B  l/(  (R  l+AH)W(  1.00  04R1*C2>AL1*C2)  ) 

BETA12»(R1  WRI  wC2+2wR  1*AL  1WC2-AL  1+AL  1*AL1*C  2)  /{  (Rl4ALl)*(  1.000+R1*C 
♦2+AL1WC2) ) 

GA  U12»(i  1*R1*C  2-AL  1-AL1*AL1*C2)/(  ( Rl+ALl ) *C  1 .0004-R1»C2>AL1  *02)  ) 
BET  A1 3*1  .3  00/  ( 1 .000-t-Rl*C24ALl*C2) 

3cTAl4»Rl /(Rl+ALl) 

3£TA21*(2*R  2+AL3>R2*R2*C4-AL3*AL3*C4)  /( ( R2<-AL3  ) •(  1. 0004R2*C4>AL3*C 
*4)  ) 

GAM4  21-R2/( (R24AL3)*(  1 .000+R2*C 4>AL3*C4)  ) 

aETA22*  (R2*R2*C4+2*®  2*AC3*C4-AL3<-AL3WAL3*C4)  / ( (R2>AL3)*(  1.0004R2*C 


Subroutine  Graphx  is  given  in  Computer  Program  No.  1 of  Appendix  1 
and  Function  Trunc  is  given  in  Computer  Program  No.  5. 
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42 


88 


39 


90 


91 


54 

55 


20 


( 


*4+AL3<C4») 

GAMA2  2-«R2*R2*C4-AL3-AL3*AL3*C4)/  H R2*AL3J  *1  1 .0C0+«»  2*C4+AL3*C4)  ) 
BETA  23=  1.03  0/(  1.03  0+R  2*C4<-Al3*C  4) 

Bc~A24=a2/ (R2>AL3  ) 

BETA31»<2*R3  + A1.5>R3*R3*C6-AL5*AL5»C6)/(  lR3 +AL5  ) *(  I .OOO^R  3*C6+AL5*C 
GAMA31»R3/J  (R3  + AL5)*(  1 .0  DO  ♦R3*C6*AL  5 *05 ) ) 

BETA32=(R3*R3*C6<-2*R3*AL5*C6-AL5-*-AC5*AL5*C6>/  ( ( R3  ♦ALS  ) * ( 1 .0  D0*R3*C 
*6  + AL5*C6))  , .. 

GAMA32  = (R3*R3*C6-AL5-AL5*AL5*C6  )/  ( (R3+4t5>*(  1 .ODO+R  3*C6+AL5*C6n 
BETA33=1.0D0/(  l.03  0+R3<  6+AL5*C6) 

3ETA34=R3/( R3+AL5) 

SI3M41-R4/R5 
PHI»(RL«R5)  /(RL+R5J 


WRITE  (6.42) 
F0R-^AT(  SX.'  THE 
,//) 


COMPLEX  WAVE  OISITAL  FILTER  MULTIoLIER  COEFFICIENTS 


* ARE. 

WRITE(6,68)  3ETAll,3AMAll,BETA12,GAMA12tBETA13,BETAl4  ^ 

FORMAT (lx ,• bETAil  = ' , E12.5, lx, ' G AM A1 1* • ,£12 .5 , IX  , 'eETA 12= • ,E 12.5, IX 
*,  'GAMA  12= '.E 12. 5, IX, • BETA  12  = ' ,E12.5 ,1 X BCTA14  = • ,E12. 5 ,// » 
WRITc(6,89)  BET A21, GAM42l,eET122,GAMA22,aET423,5E  A24  , . 

FORMAT (IX,' serA2I  = ' , £12 .5 , 1 X , ' G AMA2 1= • , £12 . 5 , IX  , • .TA22= •,£12.5, IX 
*,  '3A«A22=',  = 12.5,1X,'BETA23  = ' ,£  12.  5 ,1X  3£T414  = * , 2.5,//) 

.•JRITc(6,90  ) BETA31,GAMA31,P.ST432,GAMA32,BETA33,BE  34 
FORMAT  (IX,'  3E7A31*'  , E 12.5  , IX  , • G AM43  1 = ' , £12 .5 , IX  , • Bi;TA32=  • ,E12.5,  IX 

♦ , 'GAMA32=',S12.5,  IX,  'BETABS*  ' ,E  12.  5 , IX,'3ETA34»'  ,E12.  5 ,//) 
WRITE(6,9lJ  S1G''41,0HI 

FORMAT! 5X,' SIGMAl*'  ,E12. 5 ,5X, 'PHI-' ,E12.5,//  ) 


INPUT  IN  TIME  DOMAIN  IS 
AS=1.  000 
UP=AS  PCOEF 


AS 


calculation  of  the  FREQUENCY  RESPONCE  OF  the 
FILTER  WITH  PRACTICALLY  INFINITE  PRECESI3N 
IN  ORDER  TO  SET  ”HE  REFFERENCE  DATA 

CALL  FILTER (Uo, SET A 11, GAM  All,3ETA  12,GAMA12,BETA  13,BETA14,BETA21.GA 
*.MA21 ,8E^A22  ,GAMA22,3ETA23  ,e£T  424,  BET  43  1,GAM  A3  1,  RET  432,  GAM  A32,  BET  A3 
*3,3£T4  34, SIGM41,PHI  ,OATA,aMGAC ,0LTAT) 

DC  220  JJ=1,20 
NOBTS»JJ 

CALCULATION  OF  THE  ERROR  IN  THE  FREQUENCY  DOMAIN  DUE 
TH  QUANTIZATION  OF  THE  WAVE  DIGITAL  FILTER  PARAMETERS  TO  THE 
REQUIRED  NO.  OF  BITS 

CALL  FILERR<UP,BET4 11,GAMA11,3ETA12,GAHA12,BETA13,B£TA14,8ETA21,GA 
• MA21, 3ETA22,GAM422,  BE'^A23,BET424,B£TA21,GAM431,BETA32,GAMA32,3ETA3 
*3,deTA34,SIGM41 ,PHl ,0 ATA ,NOBTS , ER, OMGAC, OLT  AT  J 

OUTPUT  DATA  SET  U® 

DATA3(JJ,1)«UJ 
3AT43( JJ,2)»ER 
DATA3  (JJ,3i=0  .000 

220  CONTINUE 

PLOT  OF  THE  R.M.S.  ERROR  DUE  TO  QUANTIZATION  IN  THE  NO  CF 
BITS  OF  WAVE  DIGITAL  FILTER  PARAMETERS  VERSUS  THE  NO.  OF  BITS 

WR ITE( 6,54) 

FORMAT!  U*) 

WRITE(6,55) 
cORMATI 20X, 'NO. 


OF  BITS'  ,15X,'MEAN  SQUAR  ERROR',/) 
WRITE  (6,20)  ( (CATA3(N,M)  ,Ma  i,  3)  ,N=  1,  20) 

CALL  GRAPHX(DATA3,20,4HNeiT,^HMSER) 

F0RMAT(20X,E12. 5 ,10X,Ei2.5  ,10X,E12.5i 

STOP 

END 
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FILTER 

SLMOUTINE  FI  LTERIUP,  BE'^All  ,aA«*All , BET  A12,G4MA12,  SET  A13,  SET  AU.BET 
•A2i,3ANli2l,SETA22,3AMA22.  eETA23, 8ETA24,3£TA31  tGAMA3l  ,6£TA32  tGAMA32 
• , BET A33f BET  A3 A, sigma  I, PHI, DAT  A, DMGAC.OlTAT) 

SU3»nUTIME  filter  TAKES  THE  VALUE  OF  THE  INPUT  IN  THE  TIME 
DOMAIN  AND  PLOTS  THE  MAGNITaOE  VEOS.  FREQUENCY  CURVE 
JF  THE  complex  HAVE  DIGITAL  FILTER 

implicit  REAL*0  (A-H,0-Zi 

C0MPLEX*16  H2,W1,Z 

DIMENSION  0A-A(2b,  3)  ,0T{  210,  31 

FREQUENCY  RANGE  IS  CHOSEN  TO  3E  TWICE  THE  CRITICAL  FREQUENCY 

FREQUENCY  INCREMENT 

0LTAW=OMGAC/50,00 

INITIAL  VALUES  IN  THE  FREQUENCY  DOMAIN 
W=0.  000 

ITTERATION  IN  THE  FREQUENCY  DOMAIN 
DO  110  J>1,98 

INITIAL  VALUES  IN  TIME  DOMAIN 

H2«DCMPLX( 0.000, 0.000) 

TT»o.OOO 
XI 1^0.000 
X12»0.000 
X13>0.000 
X14i:0.000 
X15«0  .000 
XI 6> 0.000 
X17>  0.000 
XIS^O.OOO 
X2 1^0.000 
X22« 0.000 
X2330  .0  00 
X2 4*0.000 
X 2 5*  0.000 
X26«0.000 
X27«0.000 

xas^o.ooo 

X31>0.000 

Xu2«0.000 

X^3>0.000 

X3430.000 

X3:*o.coo 
X36«0  .000 
X3  7*  0.000 
X38*0  .000 
X41«0.000 
X42«0.000 
X43*0.000 
X 44*0. 000 
All*UP 

ITTERATION  IN  THE  TIME  DOMAIN 
00  100  1*1,500 

812*8ETA13«U11^2*X11+-X12  )+B£T  A124X134GAMA12*X14-eETAl  1*X17-GAMA  11 
**X13 
A21*ei2 

B22*8£TA2  3*U2l42*X2l4X22  )4a£TA22«X23*GAMA22*X24-BETA21*X27-GAMA2l 
•MXatt 
A3  1*622 

3 32*BETA33*(A3l42MX3l*X32  )^aeT432*X334GAMA32*X34-BETA31*X37-GAMA3l 
•*X38 
A41*B32 

B42*A  4UX41-X424S13M41*(X42-X44I 
A 42* B42*phI 

341*A4H-SIGM41*IA42-A41>X42-X43) 

8lf^6ETA34*(A32>2*X334X34)-B£TA32*X31-GAMA32*A31-seTA31*X35-GAMA3l 
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UPDATED  VALUES 
A2  2^  6 31 

8 21=BETA24*(  A22+2*X23>X2<>)-B£TA22*X21-GAMA22*!i?l-eETA21*X25-GAMA21 
**X26 

31i»llTAi4*(  A 12*2*X13*X14l-eeTAi2*XH-GAMAl2*tU-BETAll*X15-GAMAl  I 
**X1& 

UPDATED  EQUATIONS 

X12>Xli 

X 1I>A11 

XiAaXl3 

X13«A12 

X16>X15 

XI 5-8 11 

X16-X17 

X 17>B12 

X22»X2r 

X21»A2l 

X2A»X23 

X23-A22 

X26>X25 

X25>a2L 

X2a«X27 

X 27*822 

X32*X3l 

X31*A31 

X34-X33 

X33*A32 

X36-X35 

X35*83l 

X3a*X37 

X37*832 

X<il»AAl 

X42*A42 

X 43*841 

X44»B42 

A 11*0  .000 

V4T«W^  tt 

*<1*0CMPLX<  0.000»-WT) 

2*coexp(wij 

H2»ri'2*842*2 

TT»TT+0LTAT 

CONTINUE 

08»C048S(  H2)’*'(  l-0D0>PHI)/2 

ARflANGIGNG  THE  OUTOUT  DATA 
DATA!  J,  U*H 
DATA! Jf2)*08 
DATA! Jf31 *0.000 

APAAHGING  ’’HE  OA^A  FOR  PLO"^  SUBROUTINE 
0T(  J,U*OATA(  J,l) 

DT( J,2)*0ATA<  J,2) 

0TIJ,3J*0ATA(  J,3) 

M*W-^OLTAW 

CONTINUE 

HR  r ING  AND  PL0TIN5  THE  FREQUENCY  RESPONCE 
HRI*E(6 ,541 
FORMAT! ‘I* ) 

FCRMAT!20x| 'FREQ*  »21X  f^TJTPJT  NO  I lOX, 'OUTPUT  NO  2'l 
WPlTE(6f20»  ( (DATA(N,H),M«l,3) ,N*lt98» 

CALL  GRAPHX(0T,<#8t4HFRE0,4HMAGN) 

FORMAT(20X,E12.5  >10X,E12.5  .L0XtE12.S) 

RETURN 

END 
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•THE  UNT<IUNC4TE0  VALUES  ARE') 

SET  All,  GAM  All, PET  A 1 2, GAMA  12, SETA  13, BE tA 14 
BET Alls' ,E12.5,1X,'GAMA11*',£12.5, IX , • PET A1 2* ' , E12.5, IX 
E12. 5,1X,'P  = TA13«' ,E12.5  ,IX,'BEta14s' ,E12.5,//) 

BET  A21,  GAMi21,0ETA22,GAMA22,PETA22,8ETA24 
3cTA2l»' ,E12.5,1X,'GAMA21=', E12.5, IX,' BETA22* • ,E12  .5, IX 
E12.5, IX, 'BETAaa*' ,E12. 5,IX,'3ETA14»' ,E12.5,//) 

BET A31,GAMA31,3ETA32. GAMA32, 3ETA33 , eETA34  

BETA31=%E12.  5,IX,'GAMA31«*  , £12 . 5 , IX  , • eETA32«  • ,E12 .5,  IX 
E12.5, iX,  'SETA  33*', £12.5,1 X, 'BETA  34* ',£ 12. 5,//) 

SIGM41, PHI 

SIGMAI*'  ,E12.  5,5X,'PHI»'  ,E12.5,//) 


FILERR 

subroutine  FILERR (UO,  beta  U, GAM A1 1, BETA  12, GAMA 12, BETA  13 .BETA  14, BET 
*a21,GAMA21,86TA22,GAMA22 ,0ETA23 ,BEt A24, BET A31 , G AM  A3 1,  BET A32, GAMA32 
*,BETA33,0£TA34,  SI3M4l,PHI  ,0AT4,.N03TS,£a,aMGAC  ,0LTAT) 

SUBROUTINE  FILERR  TAKES  THE  ROOT  MEAN  SQUARE  VALUE  OF  THE  ERROR 
BBT-(EEN  UNTRUNCATEO  ANO  TRUNCATED  VALUE  OF  THE  CUT  puT  IN  THE 
FftEJUENCY  domain  ANO  ALSC  PLOTS  THE  FINITE  PRECESION 
FREQUENCY  RESPONCE 

IMPLICIT  REALMS  (4-H,0-Z) 

DIMENSION  0ATA2«210,3) 

DIMENSION  DATA! 210, 3) 

WRITE! 6,54) 

54  FORMAT! 'I') 

WPrE(6,21  ) 

21  FORMAT!  lOX, 

WR  ITE16,38) 

88  FORMATdX,' 

*,  'GAMA  12* 

WBITEI6,89) 

89  FORMATilX,' 

*,  » 6AMA22* ', 

WRITE  (6  ,90  ) 

90  FORMAT! IX,' 

*,  • GAM Ai2=  ', 

WRrE!6,91) 

^91  F0RdT(5X,' 

AAI*BETA11 
AA2«GAHA11 
AA3*BETA12 
AA4*GAMA12 
AA5*6ETA13 
AA6*BeTA14 
6B1*BETA21 
332* GAMA21 
8B3*BETA22 
0P4*GAMA22 
385*3 ETA23 
BB6aBETA24 
CCl»B£TA3l 
CC2*CAMA31 
CC3*BeTA32  . 

CC4*GAMA32 
CC5aeETA33 
CC6*eETA34 
0DI*SIGM41 
H-PHI 

WRITE(6,33)  NOBTS 

.33  FORMAT IIOX,*  NO  OF  SITS  »',I2,/) 

t PERFORMING  THE  TRUNCATION  PROCESS  TO  REQUIRED  NO.  OF  BITS  , 

C • NOBTS* 

BETA11*TRUNC!AA1, NOBTS) 

GAMA11*TRJNC(  AA2, NOBTS) 

3eTAi2*rRUNC! AA3,N06rS) 

GAMA 12*TRUNC!  AA4, NOBTS) 

BETA13»TRUNC1 AA5,N18TS) 

8ETA14*TR'JNCI  AA6,N08TSJ 
3ETA21*TRUNC! 381, NOBTS) 

GA“A21*T RUNG! 882, NOBTS) 

86TA22*TRUNC! ab3,N08TSJ 
GAMA22*TRUNC(3P4,N08TS) 

BET  A23»tp.UNC!B05, NOBTS  ) 

8£TA24*TRUNC! 8P6,N08TS) 

3ETA31*t3 JNCICC 1,N08TS) 

GAMAS  I sTRUNC ! CC2 , NOBT  S ) 

BETA32»TRUNCICC  3, NOBTS) 

GaMA32*TRUNC! CC4,N0BTSj 
0£TA33*TflUNC!CC5, NOBTS) 

B£TA34«TBUNC!CCt, NOBTS) 


.<»■ 
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SIG'<41-TRU'1C(00  l.'IGBTS) 

P^^i»TftUNC(H,^^OBTS  J 
mC  {TE(6t22J 

22  FOP'^ATdOX, 'THE  ^PUNCATEO  VALUES  ARE') 

«<P  ITEC6  ,38)  8E~  All.UAMAU.BET  A12,  GA>4A12,  BETA  13,  eE''’Al4 
W3  ITE{6,39)  SeTA2l,GAyA2l  ,efc’' A2  2 , 3 AMA22 , 3ET  A23  , eETA24 
WR  ITE(6,90)  BET  A31,r,AMA3I,BETA32,GAMA32,BETA33,8ETA34 
v)RITE(6,9l)  TIGM41,phI 

CALCULATION  OF  THE  FREOUENCY  RESPONCE  WITH  WAVE  DIGITAL 
PARAMETER?  OF  FINre  PRECES  ION 

CALL  filter  I UP, BETAI I .GANAl 1 , a£TAl2 ,GA MA12 , BE^AIB , BET A14, 8ET42 1. CA 
*MA2i,  eETA22,GAMA22,5£TA23,BETA24,eETA31,GAMA3l,6EfA32,GAMA32,8EU3 
*3,8£TA34,SIGM4i  ,PHI  ,DAta2,OMGAC,OLTAT) 

! calculation  of  root  mean  square  error 

EP  »0.  COO 
DO  2li  KK«1,98 

£F»£R+(0AT AIKK,2)-0ATA2(KK,2) )**2 
213  CONTINUE 

EP  -ER  /98.000 
£h*OSORTIER) 

BETAil*AAl 
GAMAI  1>AA2 
3ETA12-AA3 
GAMA12*AA4 
BETA13*AA5 
3ETA14-AA6 
BETA34»CC6 
aETA21-B81 
GAMA21-SB2 
BETA22»6B3 
3AMA22»Ba4 
BE’'A23«8B5 
3ETA24aBB6 
BETA33»CC5 
GAMA32-CC4 
8ETA32-CC3 
GAMA3l»CC2 
BETA31-CCI 
SIGM41«001 
PMI»H 

RETURN 

ENO 


( 
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C - Computer  Program  No.  7. 


Program  to  calculate  the  rms  error  due  to 
truncation  in  the  number  of  bits  of  reduced 
parameter  conplex  wave  digital  filter 
multiplier  coefficients. 


**•*  F'^EOUE'ICY  ^ESPOMCE 

ROOT  »<EAN  SQUARE  ERROR  DUE  TO  TRUNCATION  IS  NO.  OF  BITS  ***** 
FOB  REDUCED  PARAMETER  CO'^PLEX  wavE  DIGITAL  FILTER 

IMRLICr  REAL  *8  (A-H,0-Z) 

DIMENSION  5ATA(210.3» 

OlMcNSION  0ATA3I2I0t3) 


18 

22 


37 


42 


****♦*****.508  CHEBECHEV  LOW-PASS  FILTER  WITH  PS*l.O  •♦♦♦*••• 
comoonent  values 

INDUCTANCE  AND  CAPACITANCE  VALUES  IN  HENRIES, AND  FARADS 
normalized  to  CRITICAL  FREQUENCY  OF  I RAD/SEC  AT  3 08  POINT 
with  RL«l 

RS=1.000 
ALl»l. 789600 
C 2*1.296100 
A L3*2. 717700 
C4*l. 384800 
AL5»2. 717700 
C6*l .296100 
Al7*1. 789600 
RL*1.000 

WRITE(6,18)  RL,RS 

FORMAT! lOX,'  RL*' ,F6. 4 ,5 X, • R S-' , F6 .4,7 J 

WRITE(6,22»  ALl,C2,AL3,C4,AL5,C6,iL7  . ^ 

F0RMAT(5X,'  LI*  ' , E12 .5  ,3X  , • C 2*'  , E12 .5, 'LS*  ' , E 12.  5,3X,*C4«'  ,E12.5«3X 
1, •L5*',E12.5, 3X,*;6** ,E1 2.5 ,3X , • L7-' ,E12.5,/7J 

FILTER  SCALE  FACTOR  IS  COEF 
COEF=(RL-t-RS)  /RL 
WR  1TE(6,37>  COEF 

FORMATITX,* THE  FILTER  SCALE  FACTOR  IS . ...' , E12 . 5, 77 ) 

SPECIFY  THE  CUT  OFF  FREQUENCY  IN  RA07SEC. 

OMGAC -1.000 

SAMPLING  PERIOD  IS  OLTAT 
OLTAT-1.000 

FREQUENCY  SCALING  WITH  PREWARPING  AS  WELL  AS  TAKING  INTO  ACOUNT 
THE  EFFECT  OF  SAMPLING  t I is  SCALE 
SCAL£*I.000/DTAN(3MGAC*0LTAT72) 

AL1*AL1*SCALE 

C2-C2*SCAL£ 

AL3-A  L3*SCALE 

C4*C4*SCALE 

AL5»AL5*SCALE 

C6»C6*SCALE 

AL7»AL7*SCAL6 

CALCULATION  TO  FIND  THE  TERMINATING  RESISTANCE  OF  EACH  ELEMENT 
AND  REDUCED  PARAMETER  COMPLEX  WAVE  DIGITAL  FIlTER  COEFFICIENTS 
WITH  NO  DELAY  FREE  PATH  ON  PORT  TWO  

R1*RS 

ALFX1-AL17(R14AL1)  ^ , 

BETA!  -1  .0  007!  1.0004R1*C24AL1*C2J 
R2»AL1*BETA  1/ALFAl 
ALFX2-AL37(R24AL3) 

8 £TA2 *1.0007(1. COD *R2*C4 ♦ALDPCAI 

R3*AL3*BETA27ALFA2 

ALFA3*AL57 (R3 ♦ALS) 

8ETA3  -1. 0007!  1 . 000 ♦■R3  *06  ♦ALS *06  ) 

R4«AL5*BETA37ALFA3 
R5-R44AL7  • ' , 

SIGM41-R4/R5 
PHI*  (RL-R5)7(RL*R5) 

WRI TE  (6  9^2 J 

FORMAT! 5X,' THE  REOUCED  PARAMETER  COMPLEX  WAVE  DIGITAL  FILTER  COEFF 


Subroutine  Graphx  is  given  in  Conputer  Program  No.  1 Appendix  1 
and  Function  Trunc  is  given  in  Conputer  Program  No.  5. 
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88 

9i 


•ICIENTS  ARE...' .//) 

WRITE(6,80i  ALFAl.SETAl, ALPA2 .3ETA2, ALFA3,aETA3 


5A 

55 


FOO'IATllX,'  AlF  Al  = ' tE12.5.1X,'aETAl  *'  ,E12. 5 1 1 X ALFA2  «',E12.5flX 
*,'BcT42  »SE12.5,  IX,  'ALFAS  » • ,E  12.  5 , IX,  * SETA  3 »',E12.5,/// 
WRITE(6.9lI  SIG»'<,1,PHI 

F0R1AT{5X,'S13MA1*',E12. 5,5X, 'F HI  a • ,E 12.  5, // ) 

AS 


: INPUT  IN  TIME  OCMAIN  IS 

ASal.OOO 
U PaAS ♦COEF 

calculation  of  the  frequency  re  sponge  of  the 

FILTER  WI’H  PRAC-^ICALLY  INFINITE  BRECESI3N 
IN  ORDER  TO  SET  THE  REFFERENCE  DATA 

C;*LL  FIL’-ER  ^UP,  ALFAI,  8ETAl,ALFA2»BETA2,ALFA3,eETA3,SIGM4l,PHr  ,OATA 
*,OMGAC,OLTAT» 

00  220  JJ-l,20 
NO0TS»JJ 

CALCULATION  OF  The  error  IN  THE  FREQUENCY  DOMAIN  DUE 
TO  quantization  of  THE  WAVE  DIGITAL  FILTER  PARAMETERS  TO  THE 
REQUIRED  N3.  OF  SITS 

CALL  FILERRlUPjALFAl  , BE^Al  , ALFA2f  BET  A2,  ALFA3,  BETAS,  S IGM41 , PHI , DATA 
• ,N03TS,ER,3M3AC , DC  TATI 

OUTPUT  DATA  SET  UP 
0ATA3( JJ, l)»JJ 
DAT  A3  UJ,2)aER 
OATABI JJ,3J aO.OOO 

220  continue 

PLOT  OF  THE  R.M.S.  ERROR  DUE  TO  QUANTIZATION  IN  THE  NO  OF 
BITS  OF  WAVE  DIGITAL  FILTER  PARAMETERS  VERSUS  THE  NO.  OF  BITS 


WR  rEI6f54I 
FGRMATlU  • I 
WRITE(6,55) 
format  UOX, 
WRITS(o,20) 
call  graphxida 


•NO.  OF  BITS'  ,15X, 'MEAN  SQUAR  ERROR*,/) 


I (0ATA3 (N,M)  ,Mai ,3) .N«1,20J 

DATA3,20,4HNSIT,AHM$ER) 

20  F0RMAT(20X,  E12.5  ,10X,E12.5  ,10X,E12.5) 

STOP 

END 


OOl'kOO 


FILTER 


SUBROUTINE  FILTER  CJO,  ALFA  1,  BETA  1,  ALFA2,BETft  2,  ALFA  3 ,BETA3i  SI  GF41.  ?H 
*I fOAf A.OMGAC.OLTAT) 

SUBROUTINE  FILTE®  TAKES  THE  VALUE  OF  THE  INPUT  IN  THE  TIME 
domain  AND  PLOTS  the  MAGNITUDE  VERS.  FREQUENCY  CURVE 
OF  THE  REDUCED  PARAMETER  COMPLEX  WAVE  DIGITAL  FILTER 

implicit  realms  (A-H,0-2) 

CnMPLEX*l6  H2»WI,Z 

DIMENSION  DATA!  210,3) ,0T( 2l0t3) 

frequency  RANGE  IS  CHOSEN  TO  BE  TWICE  THE  CRITICAL  FREQUENCY 
FREQUENCY  INCREMENT 
OLTAW*OMGAC /SO.DO 

INITIAL  VALUES  IN  THE  FREQUENCY  DOMAIN 
WsQ.  ODD 

premultiplications 

GAMA1»2*ALFA1 
GAMA2»2*ALFA2 
v,AMA3*2  *ALF  A3 
theta  laALFAl*8ETAl 
ThETA2*ALFA2*RETA2 
ThErA3»ALFA3MBETA3 

itteration  in  the  frequency  domain 


DO  no  J«l,98 

INITIAL  values  IN  TIME  DOMAIN 

H2>DCMPLX(0. 000, 0.000  I 

TT'0.000 

XII^O.OOO 

X12=0.000 

X13*0.000 

X 14^0.000 

XIS^o.OOO 

X 16^0.000 

X 17=0.000 

X18=0.000 

x2i=o.aoo 
X22=0  .000 
X23=0.000 
X24=0.000 
X 2 5=0  .000 
X26=0.000 
X27*0.a)0 
X 2 3=  0.000 
X31=0.000 
X 32=0.000 
X33»0.000 
X34=0.000 
X 3 5= 0.000 
X36»0.000 
X37=0.000 
X38a0.000 
X4l=0.000 
X 4 2=0. 000 
X 43=0. 000 
X44»0.000 
Ail»UP 

ITTERATIOll^IN  THE  TIME  DOMAIN 
00  100  I«l,  500 

3i2=XI3*XI4-Xl7*GAMA  I*(  X17-XI4)  >BETA1*(  AI1*2*X1 1^X12-X13-X14-X17-X 
*18  )♦!  hETAl*<Xia-X  13-X  n*X  14) 

A2I=e  12 

Bi2=X23*X24-X27*GAMA2*(X27-X24)  ♦BETA2*U21*2*X21*X22-X23-X24-X27-X 
•28)*ThETA2*IX28-X23-X27*X24) 

A31=B22 


J 


B 32»X33+X34-X3  7+GAMA3*(X37-X34)*.sETA3*<A31+2*X31+X32-X33- 
•3  3)  + ThETA3*(X33-X33-X37+X3<») 

A4 1*6  32 

a42*A  AH-XAl-X^a  + SIS'^Al^C  XA2-XA4J 
A42=BA2*PHI 

B4l»A4USiGMAl*(A42-A41+XA2-X'V3  1 
A 32*8 41 

B3l*A32-A31-X31+2*X3  3*X34-X35*ALFA3*(2*(A3l-X33+X35)-A32- 
*3»U31+X31  -X3  5-X36)+THEtA3*(X31  -A31 -X35»X3S  ) 

A22*631 

321*A22-A2i-X21>2«X23*X24-X25+ALFA2*l  2*(A21-X23+X25)-A22- 
♦ 2^(A21+X21-X2  5-X26)<-THETA2*(X21-A2l-X25-*'X261 
A 12*8  21 

bll*A12-All-Xll>2*Xl3-*-XU-Xl5-*-ALFAl*(2*(All-X13*Xl5)-A12- 
*1*(A1H-X11-X15-X16J  + THETA  !♦(  Xll-A  11-X15«-X16) 

UPDATED  EQUATIONS 

X12*X11 

Xll*All 

X14*X13 

X 13*A12 

Xi6*X15 

X15*81l 

X18=X17 

X17*B12 

X22*X2l 

X21*A21 

X24*X23 

X23*A22 

X26*X25 

X2S*B2I 

X28*X|7 

X27»B22 

X32*X31 

X31«A3l 

X34»X33 

X33*A32 

X36*X35 

X35*a31 

X38*X37 

X37»832 

X41*A41 

X42»A42 

X43*B41 

X 44*8 42 

A 11*0  .000 


000, -MT) 


100 


wt*w*tt 

W1*0C  MPLXt  0. 
Z*CDEXP(Wl) 
H2-rt2>8424Z 
TT*TT>OLrAr 


CONTI  NUE 

OB*COABS(  H2)*(1.000«-PHI)/2 


C 

C 


.110 

54 

53 

20 


AKRANGIGNG  THE  OUTPUT  DATA 
OATA( J,l)»4 
JATAi J,2I«DB 
OATA( J,3)-0.000 

ARRANGING  THE  DATA  FOR  PLOT  SUBROUTINE 
DTI J, 11=0ATA( J,l) 

0T(J,2)*0ATA(  J,2) 

0T( j,3).0ATA( J,3J 

W*W>0LTAH 

CONTINUE 


PLOTI^G  THE  FREOUENCy  RESPONCE 


WRITING  AND 
WRITE(6,54J 
FORHATIUM 
WRITE(6,55) 

F0RNAT<20X, 'FREQ*, 21X, 'OUTPUT  NO  I lOX, 'OUTPUT  NO  2') 
WRITE(6,20>  I (0ATA(N,M),M>i,3),,^«l,9g) 

CALL  GRAPHXIOT, 98,4HFR £0 ,4HMAGN ) 

FORMATIZOXfElZ.S  ,10X,E12.5  ,10X,E12.3) 

RETURN 

ENO 


X34-X37-X 

X34I  ♦BETA 
X24)+BETA 
X14)+BETA 
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OO  0f»0  OCK-J  o o 000f>00 


FILES'^ 


SUBaOOTINE  FI LERRIUP. AtFAl.BETAl, ALFA2fB£TA2, ALFA3,eErA3,SIGM41,  PH 
• I,0ATA,M3BrS,ER,0M5AC,0LTAT)  f i « -r*,  rn 

SUei^DUTINE  FILERR  ^tKES  -^HE  ROOT  MEAN  SQUARE  VALUE  OF  THE  ERROR 
BETWEEN  UNTPIJNCATEO  AND  TRUNCATED  VALUE  OF  the  OUT  PUT  IN  THE 
FREQUENCY  DOMAIN  AND  ALSO  PLOTS  THE  FINITE  PRECSSION 
FREQUENCY  RESPONCE 

implicit  real *8  (A-H,0-Z) 

DIMENSION  3ATA2(2lO»3) 

DIMENSION  0ATA(2l3t3) 

WRITE(6,5<^) 

FORMAT!  U*  ) 

'WRITE(6,2l) 

FORMAT! lOX, • THE  UNTRUNCATED  VALUES  ARE') 

WRITE (6, SB)  ALFA  1, RET  A 1, A LF A2 f BE T A2 , ALFA3 ,3E tA3 

FORMATIIX,*  ALFA1=' ,E12.5,IX, 'SETAl  * ' ,E12 . 5 1 IX  , • ALF  A2  •=',E12.5,IX 
*,'3ETA2  *',E12.5,1X, 'ALFAO  » ' ,E  12. 5 t IX, 'BETAS  =',E12.5,//i 
WRITE!6,91)  SIGM41.PHI 

FORMATI5X,' S I G MAI*'  , E 12. 5 ,5X, • PHI  = • , £12.5 ,/ / ) 

AAl*ALFAl 
AA2=BETAl 
AA3=ALFA2 
AAA*8ETA2 
AA5»A  LFA3 
AA6>BETA3 
OOlxS IGMAI 
H*PH1 

WRITE!6,33)  NOBTS 

FORMAT(iox,'  NO  OF  BITS  =',I2,/I 


PERFOOMING  THE  TRUNCATION  PROCESS  tq  REQUIRED  NO.  OF  BITS  , 

• NOBTS* 

ALFAl*TRUNC!AAl,MOSTS) 

BET A1*TPUMCIAA2, NOBTS ) 

ALFA2*tRUNC(AA3,NOSTS) 

BETA2*TRUNC! AAA, NOBTS) 

AL FA3=trjmc < AA5 ,N08TS ) 

3£TA3*TRUNC( AA6.N3BTS) 

S IGMA1*trjnC(D01,N0STS) 

PHI*TRUNC!H, NOBTS) 

WP  ITE  ! 6 ,22  ) 

FORMAT!  lOX,  'THE  TRUNCATED  VALUES  ARE') 

WRITE  16,88)  ALFA1,3ETA1,AlFA2,8ETA2,ALFA3,BETA3 
WRITei6,91)  SIGMAUPHI 

calculation  of  the  frequency  RESPQNCE  with  WAVE  DIGITAL 
PARAMETERS  OF  FINITE  PRECESION 

CALL  FILTER  lUP,  ALFA  I,  BET  A I,  ALF  A2,  BETAS,  ALFA3,  BETAS,  SIGMAl  ,PHI  .DATA 
*2t0MGAC,0LTAT) 

CALCULATION  OF  ROOT  MEAN  SQUARE  ERROR 
ER  *0.000 
00  213  KK*1,98 

EB*EP  *<0ATA1KK,2)-0ATA2!KK,2)  )**2 

CONTINUE 

ER»eP/98.0D0 

ERxOSCRTIER) 

ALFA1*AA1 
BETA1-AA2 
ALFA2*AA3 
BeTA2*AA4 
A LF A3* A AS 
aETA3«AA6 

SI6M41«001  ^ 

PHI»H 


RETURN 

END 
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D - Computer  Program  No.  8.  Program  to  calculate  the  rms  error  due  to 

truncation  in  the  number  of  bits  of  the 
RLC  components  of  the  conventional  direct 
digital  filter. 

***■*  FREQUE'ICY  ^ESPDNCE 


c 

c 

c 

c 

c 

c 


ROOT  MEAN  SQUARE  ERROR  OUE  TO  TRUNCATION  IN  NO.  OF  BITS 
FOR  CONVENTIONAL  DIRECT  DIGITAL  FILTER  DESIGN 

IMPLICIT  BEAL*8  (A-H,0-Z) 

OIMcNSlON  DAta(210,3» 

DIMENSION  DATA3(210,3) 


C 

C 

C 

r 

C 

c 


c 

c 


37 

27 
22 

28 


4 

I 


c 

c 

c 

c 


29 


C 

c 

I 

c 

c 

c 

c 


*««*:****«*. 5 OB  CHEBECHEV  LOW-PASS  FILTER  WITH  RS  = l.O  ♦♦*♦♦♦** 

comoonent  values  „ ^ 

INDUCANCE  AflO  CAPACITANCE  VALUES  IN  FE^JR  lES,  AMO  fARADS^,^„ 

normalized  to  critical  frequency  of  I RAO/sEC  AT  3 OB  POINT 
WI-'H  RL»l 

RS*1.  000 
ALI=1 .789600 
C2  = l. 296100 
AL2=2.7177D0 
CA=1.384800 
AL5a2.717700 
06^1.296100 
AL7»1  .789600 
RL-l.OOO 

FILTER  SCALE  FACTOR  IS  COEF 
CaEF  = (RL+R3)/RL 
WRITE  (6,37)  COEF 

FCRMA"17X -HE  FIL'ER  SCALE  FACTOR  IS.... E12.5, //I 
WRITE  (6,271  , 

forma  "^(SX, 'THE  UNSCALEO  COMPONENT  VALLES  ARE’,//) 

WRI7E(6,22)  AL1,C2,  AL3,Ca,AL5,C6,AL7  .r/  . c,  « 

FORMaT(  5X,'L1  = ' ,£12.5,3X,'C2='  ,E12.5,'L3“’  ,£12.5 ,3X , • C^»'  ,E12.5,3X 
1 ,' L5=' ,E12.5,3X, ’05= •,E12.5,3X,  ’LT*’ ,E12.5,  //) 

WBITE(6,28)  RS,RL 

FORMAT(20X,  ’RS^'rElZ.  5,5X,'RL=*'  ,E12.5,//) 

specify  the  cut  off  frequency  in  rao/sec. 

OMGAC^l.OOO 

sampling  time  1ST 

T=1.000 

FREQUENCY  SCALING  WITH  PREWARPING  IS 
S FRcO»2*OT AN(0MGAC*T/2J/T 
AL1»A11/SFREQ 
C2*C2/SFReQ 
AL3*AL3/SFREQ 
CA-CA/SFREQ 
AL5-AL5/SFREQ 
C6»C6/SFR6Q 
AL7-AL7/SFREQ 
WR  ITE(6,29) 

FORMAT  (5X,' the 
WRITE(6,22) 


SFREQ 


scaled  component  values  ARE',//) 


AL1,C2,AL3,CA,AL5,C6,AL7 
UP 


INPUT  IN  TIME  DCMAIN  IS 
UP«1.000 

CALCULATION  OF  THE  FREQUENCY  PESPONCE  OF  THE 
FILTER  WITH  PRAC’’ICALLY  INFINITE  ORECESION 
IN  ORDER  TO  SET  THE  REFFERENCE  DATA 

CALt.  FILTER(UP  ,RS,  AL 1 ,C2  , AL3  ,C  A,AL5  ,C6  ,AL7  , RL,  CMGAC,  04TA,T  ) 

OC  220  JJ>l,2a 
N08TS«JJ 

?Sr?.;?e5"fa5?!«5nAf3?f'?n'"TSE  .EOUI.ED  no. 


Subroutine  Graphx  is  given  in  Coin)uter  Program  No.  1 of  Appendix  1 
and  Function  Trunc  is  given  in  Computer  Program  No.  5. 


215 
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FK'JK  COi-Y  AJrtJUSitSD  TO  IM)C 


oOo<^  o no  no 


220 


5^ 

55 

20 

C 


OF  3ITS 

CALL  FI  LERR  (UP  t RS » ALl  * C2  i AL3  t r AL5 » C6»  AL7 • RL*  P’^GACt  OATAtNOBTSt  ER 
T) 

OUTPUT  DATA  SET  UP 
DATA3{ JJ, 1J»JJ 
OAT  A3 (JJ,2 ) = ER 
0ATA3<  JJt3) *0.000 


COMT INUE 

olOT  of  the  R.M.S.  ERROR  OUE  TO  QUANTIZATION  IN  THE  NO  OF 
BITS  CF  FILTER  COMPONENT  VALUES  VERSUS  THE  NO.  OF  BITS 


STOP 

ENO 


norxTooo  oooooo  ooooo 


k 


filter 

SUBROUTINE  FILTER (UP  t RS , 1 1 C2 ,4l3  i C4. AL5, C6f  ALT, RL f OM GAC, DATA, T ) 

SUBROU’’INE  FILTER  TAKES  The  VALUE  qf  THE  INPUT  IN  thE  TIME 
DOMAIN  AND  PLOTS  THE  MAGNITUDE  VEsj  . FREQUENCY  CURVE 
DF  THE  conventional  DIRECT  DIGITAL  FILTER 

IMPLICIT  RcAL*3  (A-H,0-Z) 

CnMOLEX*l6  WT.Z.Y.H 
DIMENSION  OATAlilO,  3) ,0T( 210,  3) 

DIMENSION  AO)  ,Y(7) 

CALCULA-^ION  OF  COEFFICIENTS  OF  THE  EQUATION 
HtS  )“K/(  S 7+A6*S6+A  5*S5+A  4*SV«-A3*S3+a  2mS2-*-A  1*S1*A0» 


AAO=»(  RL>RS)  /RL 

AAl=(  ALI  + AL3+ AL5+AL7J /RL  t-PS*(C2K4K6)  „ . 

AA2-(C4+C6J  «( AL1+AL3  + AL7*RS/RL)  +C2M(ALI>I  AL3+AL5+AL7 )*RS/RL)*AL5*( 
•Ce+C4«RS/RL ) 

AA3  = ( AL1^AL3)*(  AL5+AL7)*CA./RL+I  AL3  ♦ AL5  )*(  C2MC6*pS  + ( C6*AL  7-*-C2*AL1)/ 
*RL»+CA*RS*(C2=*‘AL3+AL5*C6)4-AL1»AL7«(C2+C6I/RL  , 

AAA.=  ( ALl+AL7*RS7RL  ) *(  AL5  *C6  C2  K ^ ) ♦ AL  3*C  2*  ( C A-*-C  6 ) )«-C  4mAL5MAL3*(  C6 
**C2*RS/RLI 

AF5=  ALl*(C2=‘AL3*(C4*‘t  AL5+AL7)>C  6*  AL7)  *AL5«C6*  AL  7*  (C2+C<>)  ) /RL+AL3*C 
*4»AL5*C6*(  AL7/RL+C2*RS  ) 

AA6=C2*AL3MC4i=AL5*C6M  ( AL7*RS/RL*ALl ) 

AA7=(  AL1*C  2’»AL3*C4*AL5mC  6MAL7)  /RL 

A(  Dai.ooo 

4(2)*AA6/AA7 

A(3)=  AA5/ AA7 

A(4)  x<A4/AA7 

A(  5)*AA3/AA7 

A(6)> AA2/AA7 

A( 7)aAAl/AA7 

A(8)=AA0/AA7 

C0EFl>A(a  I 

WRITE(6,41)  , 

H F0RM4T(5X, 'THE  C3EF.3F  H(  S)»K /(  S7+A6MS6+A5«=S5+A4*S4+A3*S3*A2*S2* 
IA1*S1«-A0)  ARE',/) 

WfiITE(6,40)  A(2),A(3) ,A(4) ,A(5)  ,A(6I  ,A(T)  ,A(8)  . , 

'*0  FORMAT  (5K,'  A8=*  ,E12.5,3X,  •A5=',E12.5,  3X,  •A4='  ,£  12.  5,3X,  'A3»*  ,E12.5 
1,3X,*A2=*  ,ei2.5 ,3X,' Al=' , £12. 5 , 3X , • AO=* ,EI2 .5,/ ) 

WCITE(6,43I  COEFl 
O FCRMAT(5X,*K=*, E12.5,//) 

CALCULA-^ION  OF  thE  COEF.  OF  THE  EON. 

776  5 432  1 

HIZ)»K*(I  ♦Z)/ (2+A6Z  ♦ASZ  ♦A4Z  ♦A3Z  ♦A  2Z  >A1Z  ♦AC) 

FlaZ.OOO/T 

F2»F1 MFl 

F3*F2MFi 

F4»F3*F1 

F5=F4*Fl 

F6»F5mFI 

F7=F6*F1 

ALFA7«F7>F6*A(2)+F5*A(3)  + F4mA(4)*F3*A(5)+F2mA(6  )+F  1*A  ( 7 ) i-Al  8)  ^ 

ALFA  6»-7*F7-5M<F6*A(2)-3*F5*A(  3) -F4» A(  4 (♦F3*A  I 5 ) ♦3*F2'»  A (6  ) -t-S mFI*A ( 7 
*»+7MA(8) 

ALFA5=21*F7'*-9*F6*A(2)  +F5*  A(3) -3*f  4*  A ( 4l-3*F3*A  < 5 ) ♦F2»A  ( 6 ) >9 »F  l*A  ( 7 

*ALFA4t-f5 MF7-5MF6MA(2 )+5*F5mAI3J+3*F4*A( 4)-3»F3*A( 5)- 5*F2MA(  6) ♦S*? 
M1*A( 7 >^35*A i 8) 

ALFA3=35»F7-5*F6*A(  2)-5*F5*A(  3)  ♦3*F  4*A(  4»«-3^F3*A(  5)-5*F2*A<  6)-5*Fl 
*MA(7 ) ♦SSMAl 8) 

ALFA2*-2l*F  7+9MF6MA ( 2)-F S^A ( 3) -3MF4M A( 4) ♦3* F3* A (5 )>F2 mA (6 )-9*Fl*A ( 
*7  ) +2 1 *4(8) 

AlFA1»7*F7-5*F6*A(2 J+3*F5mA13)-F4*A{4)-F3*A( 5)>3*F2*A(6)-5mFI*A(7) 
*♦  7 *A  ( 8 ) 

ALFAO  *-F7»F6*A(2)-F5*A(3)+F4*A(  4)-F2mA(  5)+F  2*A(  6J-Fl*A(7)  ♦Aia) 
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r»o  oo  ct  oo*^  of'o  ooo  oo  ooo 


38 


C 


ALF&6  »ALP  A&/ALFA7 
ALFA5»A LFA5/A  LFA7 
ALF44=ALFAWALF  A7 
ALF43=ALFA3/ALFA7 
ALpA2»ALFA2/ALFA7 
ALFAi=ALFAl/ALF A7 
ALFAO  *ALFA0/ALFA7 
CritF2=C06Fi  /ALFA7 
WP  r £(6,38) 

Fap«AT(5X,*  the  C0EFFICIE^)TS  of  H12)»K(1-H)7/ (27+A6Z6+A5Z5+A424+A 
*32 j+A<;Z2>AlZ+4  0)  4RE  './//) 

WF  i’-E(6  ,40  ) ALF46,  ALFA$,  ALFA4,ALF43,  ALF42,4LFA1,ALFA0 
WR1TE(6,43)  C0EF2 

UPP=UP*C3EF2 

FPEOUENCY  RANGE  IS  CHOSEN  T3  BE  TWICE  THE  CRITICAL  FREOUENCY 
FFEOOENCY  INCREMENT 
0LW=0MGAC/5  0 

INITIAL  VALUES  IN  THE  FOEOUENCY  DOMAIN 
MaO. 000 

ITTERA-^ION  in  -^he  frequency  domain 


DO  IID  Jal,  98 

INITIAL  VALUES  IN  TIME  OCMAIN 


U PlaUPP 
TT*0. 000 

HaOCMPLXI  0 . 000  , 0.00  0) 

X laO.D 

X2a0. 0 

X3*0.0 

X4a0,0 

X5-0.C 

X6a0.0 

X7*0.0 


ITTERATION  IN  THE  TIME  DOMAIN 


100 


00  IOC  1*1,500 
VaUPl+Xl 

X la7*UPl-ALFA6*V+X2 
X2*2 1*UP I-ALFA  5*V>X3 
X j*i5*UPl  -ALFA4*V+X4 
X4*35*UP1-ALFA3*V+X5 
X£*21*UP1-4LFA2*V«'X6 
X6*7*UP1-ALFA1 *V+X7 
X7aUPl-ALFA0*V 
UP  1=0. 000 
wl aW*TT 

WT=JC  MPLXI 0.000 ,-Wl ) 

z*co£XP(wr) 

HaH-*-V*Z 

tt-tt+t 

CONTINUE 

0A=C0ABS(H) 


c 

no 


ARRANGIGNG  THE  nUToUT  OATA 
DATA( J, 1)*W 
DATA(  J,2  )*0A 
DATA! J,3)«0.000 

ARRANGING  The  DATA  FOR  OLDT  SUBROUTINE 
DTI J, 1) *0ATA1 J,l) 

OT(J,2)*04TA( J,2) 

0T( J,31«0ATA( J,3) 


W*W>0LW 
CCNTI  NUE 
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oo 


54 

55 

20 

C 


WPITING  AND  PL0T1N3  THE  FREQUENCY  RESPCNCE 
WP  1TE(6,54» 

FCPMAT('l') 

p-B^ATtlox.’FREO'.aiX, 'OUTPUT  NO  I lOX, 'OUTPUT  NO  2') 

SrITe[6^20)  ( (04TA(N,MJ  ,"=1.3)  »N*U98) 

CALL  GRAPHXtDT  ,98»4HFR|0»  4HMA^) 

F 0RMAT(20Xf  E12. 5 tlOXfE12.5  tl.0X»E12.5l 


RETURN 

ENO 


FILERS 


C 

C 

C 

c 

c 

c 


54 

21 

22 

23 


33 


C 

C 

c 


SUBROUTINE  FILERRIUP  tRS  tALltC2  .A L3 .C4,AL5.C6 , ALT «RL» OMGAC. OAT  A, NO 
*0TSf  ERtTi 

subroutine  filerr  takes  the  rodt  mean  square  value  of  the  error 

BETNEEN  UNTRUNCATEO  AMO  TRUMCATEO  VALUE  OF  THE  OUT  PUT  IN  THE 
FKtOUENCy  OOMAIN  AND  ALSO  PLOTS  THE  FINITE  PRECESION  FREQUENCY 
RESPONCE 

implicit  REALMS  (A-H.O-Z) 

DIMENSION  OAT A2 (210* 3) 
dimension  0ATA(210i3) 

MR  r Et6,54» 

FCSMAT(»l'» 

WR ITEI 6,21) 

FOflMA-(lOX,  'THE  UNTP.UNCATed  VALUES  ARE’,/) 

WRITE«6,22)  AL1,C2 ,AL3,C4,AL5,C6, ALT 

FORMATISX, ’Ll*’ ,E 12. 5,3X  ,'C2-'  ,E12.5,3X,'L3»'  ,EI2.5 ,3X,’C4»’ ,E12.5 
4,3X,’L5«' ,£12.5,3X, • C6= • , E12.5, 3X , 'L 7= ’ ,E 12. 5, //) 

WR.ITEJ6,28)  RS,RL 

FORMAT  ( lox,  'RS*  SEIZ.  5,5X,  'RL-'  ,E12.5,//) 

A*RS 
B«AL1 
C»C2 
0*AL3 
E=C4 
F«AL5 
G<6 
H=AL7 
PaRL 

WRITE!  6,33)  NOBTS 

FORMATIIOX,’  NO  OF  BITS  »’,I2,/I 

performing  the  truncation  PROCESS  TO  REQUIRED  NO.  OF  BITS  , 

• NOBTS’ 

RSaTRUNCIRS , NOBTS) 

ALlaT  SUNClALl, NOBTS) 

C2*~RUNC(C2 .NOBTS) 

AL3aTRU?C  ( AL3, NOBTS) 

C4=trunC(  C4 .NOBTS) 

A L5=T.RUNC  I A L5  , NCBTS  ) 

C6=TPUNC(C6  ..NOBTS) 

ALTaTRUNC! ALT .NOBTS) 

RLaTRUNC(RL, NOBTS) 

WR  ITE<6,25) 

FORMATIIOX, 'THE  TRUNCATED  VALUES  ARE’) 

WRITE  16,22)  AH,C2,AL3,C4,AL5,C6,AL7 

WRIT£(6,28)  RS.RL 

Calculation  of  the  frequency  responce  with  cqmplonents  of 

FINITE  PRECESION 

CALL  FILTER<UP  ,RS , ALl ,C2 ,A L3.C 4, A L5, C6, AL7,  RL . OM GAC. DATA2.T) 

CALCULATION  OF  ROOT  MEAN  SQUARE  ERROR 
£R  aj. 000 
on  213  KK*1.98 

ERacPXOAT  A(KK,2)-0ATA2(KK,2)  )**2 
213  CONTINUE 

ERaeR/98.000 

ER-DSCRTIER) 

RS-A 

AL’aS 

C2-C 

AL3aO 

C4-E 

AL5aF 

C6aG 

AL7aH 

RL-P 

' RETURN 
ENO 


25 


C 

C 

c 

c 

c 
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E - Computer  Program  No.  9.  Program  to  calculate  the  ims  error  due  to 

truncation  in  the  number  of  bits  of  the 
RLC  conponents  of  the  conventional  cascaded 
digital  filter. 

***•  FPEOUENCY  RESPONCE 

ROOT  MEAN  SQUARE  ERROR  OUE  TO  TRUNCATION  IN  NO.  OF  SITS 
FOR  CONVENTIONAL  CASCADED  DIGITAL  FILTER 

implicit  realms  (A-4,0-Z) 

DIMENSION  DATA!  210.  3) 

DIMENSION  DATA3<210.3) 


C4EBECHEV  LOW-PASS  FILTER  WITH  PS»l.O  **♦••**• 

COMPONENT  VALUES 

INOiJCTANCE  AND  CAPACITANCE  VAUES  IN  HENRIES.  ANC  FARADS 
NORMALIZED  TO  CRITICAL  FREQUENCY  OF  I RAD/SEC  AT  3 DB  POINT 
W ITH  RL>1 

RS-1.000 
ALl»l. 739600 
C 2«1. 296100 
AL3»2. 717700 
C4»l. 384000 
AL5»  2. 7 1 770  0 
C6>1.296100 
A L 7*1. 789600 
RL>1.000 

FILTER  SCALE  FACTOR  IS  CO£F 
CO=F»(RLmRS)  /RL 

VCITE(6,37}  COEF  ^ , 

FORMAT!  7X,*  THE  FILTER  SCALE  FACTOR  IS  . . . E12 .5. // ) 

WP  ITS!  6,27) 

F0PmaT(5X the  UNSCALED  COMOONENT  values  ARE'.//) 

WRITE(6,22)  AL1,C2.AL3,C4,AL5.C6.AL7  ^ ^ ^ 

FCRMAT(5x,  'Ll*  '.£12.  5.2X,  •C2*'.£i2.5,'L3=',E12.5.3X,*C4*'  ,E12.5,3X 
1 L5*' .E12.5.3X.»C6»* ,E12.5,3X. 'LT*' ,E12.5,  // ) 

WRITE(6.28)  RS.RL 

format (20X. 'RS- •.E12.5.5X,'RL«' .E12.S,//) 


SPECIFY  THE  CUT  OFF  FREQUENCY  IN  RAO /SEC. 
OMGAC >1.000 


SAMPL  ING  T IME  1ST 
T>1.000 


FREQUENCY  SCALING  WITH  PREWARPING  IS  SFREO 

SFRE0*2*0TAN(3M6ACMT/2J/T 

AL1>AL1/SFRE0 

C2=C2/SFREQ 

AL3-AL3/SFRE0 

C4>C4/SFREQ 

AL5»  AL5/SFRE0 

C6-C6/SFREQ 

AL7»AL7/SFREO 

WfilTE16.29) 

FORMATISX.'  THE  SCALEO  COMPONENT  VALUES  ARE'.//) 

WP  ITE(6.22]  ALi,C2.AL3.C4,AL5.C6.AL7 

INPUT  IN  TIME  DOMAIN  IS  UP 
UP>1.000 

CALCULATION  OF  THE  FREQUENCY  RESPONCE  OF  THE 
FILTER  WITH  PRACTICALLY  INFINITE  PRECESION 
IN  ORDER  TO  SET  THE  REFFERENCE  DATA 

CALL  FILTERIUP  .RS.  AH.C  2.  AL3,C  4,AL  5,C6,A  L7,  RL,  CMGAC  .OATA  ,T) 

DO  22 C JJ-1,20 
NOeTS*JJ 

calculation  of  the  ERROR  IN  THE  FREQUENCY  DOMAIN'  OUE^ 

TO  QUANTIZATION  OF  THE  FILTER  COMPONENT  VALUES  TO  THE  REOUIPEO  NO. 


A 

Subroutine  Graphx  is  given  in  Conputer  Program  No.  1 of  Appendix  1 
and  Frunction  Trunc  is  given  in  the  Computer  Program  No.  5. 


FADE  iS  B£ST  QUALITY  FlU07l!(kiKUI 
ERJM  COrY  FUBUISHaD  TO  DDC  


of'oo  o oo  on 
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54 

55 

20 

C 


OF  BITS 

CALL  FILERRIUP  ,RS»ALltC2  tAL3 tC4. AL5 t C6 »AL7 ,RL i CMGAC f DAT A,N06TSf  ER 
•fT  ) 

OUTPUT  DATA  SET  UP 
OA^AB (JJf IJ»JJ 
0ATA3 ( JJf2) »ER  ^ 

0ATA3( JJt3)*0.000 

CONTINUE 


PLOT 
B ITS 


OF 

CF 


’’HE  R . ERROR 
filter  component 


DUE  TO 
VALUES 


0UAMTIZATI3N  IN  THE  NO 
VERSUS  THE  NO.  OF  BITS 


OF 


MR  ITe(6,54) 

FORMATI ' I* ) 

FORMArtzOxl'NO.  OF  81 tS*  , I5X, • M EAN  SOUAR  ERROR»t/l 
MPITc(6.20)  (<0ATA3INrM)fM=l,3) • N“l » 2 0) 

CAUL  GRiPHX ( OAT  A3t  20, 4HN R IT,4HM§ER ) 

F0RMA~(20X, E12.5  ,10X,E12.5  ,I0X,E12.5) 


STOP 

END 


c 

! 

c 

c 


E 

c 

c 


41 

40 


c 

c 


c 

c 


c 

c 


FILTER 

SUBROUTINE  FI  UTERI  UP  tRS tALl,C2 ,AL3 ,C«f AL5,C6 , ALT.RLt OMGACt  OATA,T) 

subroutine  filter  takes  ■'HE  VALUE  OF  THE  INPUT  IN  THE  TIME 
DOMAIN  AND  PLOTS  THE  MAGNITUDE  VERS.  FREQUENCY  CURVE 
OF  THE  CONVENTinNAL  CASCADED  DIGITAL  FILTER 

IMOlICIT  REAL*8  (A-HtO-ZJ 
CDMPLEX*16  WT,Z,y,H  . _ 

01'*ENSIQN  OATAlilO,  31  tOT(  210,3) 

DIMENSION  A(8),Y(7) 

CALCULATION  OF  COEFFICIENTS  OF  ThE  EQUATION 
h (S  )■</  I S 7 ♦A6*S64A  5 *S54A  4*S4>A  3*S  3*  A 2*S  2«-A  1*  S l+A  0) 

AAO*I RL4RSJ/RL 

AA1»( AL14AL3+-L54AL7)  /RU* R'* I C2 ♦C44C6 I 

AA2=( Ch+:6) »<  AL1+AU3^ AL7*P 5/RL  1 ^CZ* I ALl+I AL3  4A L54AL7) •RS/ RLI 4AL5* ( 
*C6+C4*RS/  RL  1 

A ft  3*1  ALI+AL3)*(  AL54AL7)*C4/RL4(  AL3  fALS  )*(C2*C64RS-K  C6»AL7+C2*ALl ) / 
•RL  l+'C  4*RS  •(  C2*AL34AL  5*C6  ) ♦ftL  1 *AL 7*1  C 2+C 61  /R L 
AA4»(  ALH-AL7*RS/RL>*I  AL5*C6*(C2  *04  1 ♦AL3»C2*(  C4+C6  1 )+C4*AL  5*AL3*(  C6 
•-t-r  2*P  S/RL  ) 

AA5=AL1*(C2  4AL3*(C4*(  AL5  4AL7  )+C  6*AL  7)4AL5*C  6*AL  7*(C2^C4)  ) /RL4AL3*C 
•4»AL5*C6*1 ALT /RL>C2*R5) 

AAb»C2*’L3*C4*AL5*C6*(AU7«RS/RL4ALl) 

AA7a( ALi*C2*AL3 •C4*AL5*C6*Al7 1 / RL 

A(  11-1.000 

A(21-AA6/AA7 

A ( 3)-AA5/AA7 

A(4)-AA4/AA7 

A(51»AA3/AA7 

AI61  -AA2/AA7 

A(  7)-AAl/AA  7 

A<31- AAO/AAT 

COEFl -AIR) 

IT  E(  6,411 

FORMA'IdX the  COEF.OF  HIS1-K/IS74AI*S64A2*S54A3*S44A4*S34A5*S2+ 
Ut4Sl4A71  ARE', /I 

MRI~E  (6,401  A(21,A(31,A(4),A(51,A(6),AI7),A(81 

FORMAT  I 5X  Al-'  ,£12.5,3X,  'AZ-'  , E12 .5, 3X,  • A3- • ,E12.5,3X,  'AA-SEIZ.S 
1,3X, 'AS-' ,E 12. 5,3X,  •A6»' ,E12.  5 , 3X , • A7-' ,E12.5,/1 
WRrEI6,43  1 COEFl 


CALCULATION  OF 
HIS)- 


THE  COEF.  OF  THE  EON. 

K/  (S2+A1*S+811  (S24A2*S492)(  S2+A3*S483)  IS484) 


43 


42 


C 

C 

C 

c 


FCRMATISX ,' K-' ,612.5,/7) 

NDEG—7 

SUBROUTINE  ZPniR  GIVES  THE  ROOTS  OF  THE  POLYNOMIAL  OF  DEGREE  'N* 
CALL  ZPOLRI A,NOeG,y flER) 

Pi.— 2 .000*REAL(  Y(  11  1 
Fi-REAL(Y(1  )1*-2>AI‘^AGIY(  1))**2 
P2— 2.0DO*REALI  VI3I  1 
F2»REAL(Y(3)1  ••24A1*'4G(  Y(  3)  1**2 
P3— 2.000*REALIYI51  1 
F 3-R  E AL( Y( 51 1 ••  24*1  "AGI YI 51 ) **2 
P4— REALIYIT)  ) 

PP-1. 000/ AA7 

FOBMATt^xf' •'HE  CHEF  . 'IF  h(S1  ARE 

1 H(S)«K/(S24AI*<4^11  (S24A2*S4821  (S24A3*S4B3  )(  S4B4  ) • ,// ) 

HF  1TEI6, bOl  P1,F1,P2,F2,03,F3,P4,COEF1 

CALCULATION  OF  THE  COEF  OF  hIZ)  WITH  SAMPLING  PERIOD  OF  T 

H(ll»K*(l4zS^/(l4Al*Z^)  I l4A2*Z^482*Z^lIl4A3»Z^*a3*2ll  l4A4Z*>9*^ 


( 
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t 


OoO  of'o  ooo 


fORMATdX  Al»'  ,E12.5»iX>  •»  l»  *,  E 12.  5,  2x, ‘A  2« ' * E I2.5f  I X,  ' B2«  • j E12.  5 
1,2X,' A3*» ,E12.5 ,1X,' B3»'  ,E12 . 5 ,2X i ' A^-* , E12 .5.  3X,  , £12  .5 t// ) 

F»2.0  00/T 
FF»F*F 

81- 2.000*<F  1-FF  )/(FF-*-Pl*F+FU 
Ol^iFF-Pl^F+F IJ /(FF+P l*F+Fl) 

82- 2. OOOP<F2-FF)/(FF*P2*F+F2J 
02*( FF-B2*F>F  2) /(FF  + P2*F  + F2» 

83  *2  .000^(  F3-FF  i/  <fF*P3»F*F3) 

03*i  FF-P3’<-F+F3)  /CFF>P3*F>F3) 

B4rs(  P4-F  ) /(  P^^F  ) 

COEF2=COEFl/UP4+F)*(  FF+F*Pl+FlJ*(FF-fF*0  2*F2)*(FF  *F  ♦P3*F3I» 

FOR^f  itlxt'THE  CIEF.  OF  2**- 1 ANO  2**-2  IN  QUADRATURE  FORH  AND  TOT 
lAt  MULTLYING  FACTOR  K ARE...'./) 

««R  ITE(6,60)  3 lfDltB2t02tB3,03i34>CQEF2 

UPP»UP*C0EF2 

FREOUENCY  RANGE  IS  CHOSEN  TO  BE  TWICE  THE  CRITICAL  FRECUENCY 

FREQUENCY  IMCRERENT 

OLW-OMGAC/50 

initial  VALUES  IN  THE  FREQUENCY  DOMAIN 
U-0.000 

I7TERATI0N  IN  THE  FREQUENCY  DOMAIN 


DO  110  J-1.  98 

INITIAL  VALUES  IN  TIME  DOMAIN 

UPl-UPP 
TT*0.  ODD 

H-XMPLX(0.000«D.DOO) 

X 1-0.0 
X2-0.  0 
X3-0.0 
XA-0.0 
X5-0.0 
X6-0.0 
X7-0.0 

ITTERATION  IN  THE  TIME  DOMAIN 


DO  IOC  1*1,500 

VI- UP  1+Xl 

V2-VI+X2 

Vj»V2+X3 

V-V3+X4 

XI -UP  1-04* VI 

X2-2*Vl-3l*V2+X5 

X3»2*V2-02*V3+X6 

X4»2*V3-B3PV+X7 

X5»V1-01*V2 

X6»V2-D2*V3 

X7*V3-03*V 

UP  1-0. 000 

W1»W»TT 

WT»DCMPLX(0.000,-WI) 

2-CJ£XP(MT) 

HsH>V«Z 

TT-TT+T 

C CNTI Nue 
DA-COABS(H) 

ARRANGIGNG  THE  OUTPUT  DATA 
DATA!  J,  li«W 
DATA! J,2 )*0A 
DATA! J, 3 1 *0.000 

ARRANGING  THE  DATA  FOR  PLOT  SUBROUTINE 


( 


1 


no 

c 

c 

54 

55 

20 

C 


RE'^URN 

ENO 


FILEHH 


( 


C 

c 

c 


54 

22 

28 


33 


C 

C 

c 


25 


8 

c 

r 

c 


SUBROUTINE  FILERRIUP  tRS  tALl ,C2 tAL3 tC4f ALS. C6 . ALT ,RLf OMGAC> DATA. NO 

♦ BT S«  ERf  T ) 

SUBROUTINE  FILERR  TAKES  "^HE  ROOT  NEAN  SQUARE  VALUE  OF  THE  ERROR 

betheen  umtruncateo  AMO  truncated  value  of  the  out  put  in  the 

FREQUENCY  OONAIK  AND  ALSO  PLOTS  THE  FINITE  PRcCESION  FREQUENCY 
RESPONCE 

IMPLICIT  REAL*8  (A-H.O-Z) 

DIMENSION  0ATA2(210.3) 

DIMENSION  OATA(2l0t3) 

WRITEI6t54) 

FORMATCl'  i 
MRITEI6f21) 

FORM  ATI lOX, ‘THE  UNTRUNCATED  VALUES  ARE't/) 
write (6  ,22)  AL1,C2,AL3,C4,AL5,  C6, ALT 

FORMAT! 5X,* Ll='  ,£ 12. 5 ,3X  , • C2*'  , £12. 5 ,3X ,*  L3*'  , E12 .5 ,3X , • C4« • , E12 .5 

♦ ,3X,  'LS*  SE  12.  5,3X,  'Cb^SElZ.S,  3X,  • LT«'  ,E12.5,//) 

WRITE (6,28)  RS,RL 

format  I 20X, 'RS*' ,E12.5,5X,*RL«*  ,E12.5,//) 

A>RS 

B-ALl 

C-C2 

D>AL3 

E-C4 

F*AL5 

G>C6 

H=ALT 

P»RL 

WRITE (6,33)  NOBTS 

FORMATIlOX,'  NO  OF  BITS  -SIZ,/) 


213 


PERFORMING  THE  TRUNCATION  PROCESS  TO  REQUIRED  NO.  OF  BITS  , 

• NDBTS* 

RS»TRUNC(RS, NOBTS) 

AL1«TRUNC( ALl.NOBTS) 

C2»TRJNC(C2  ,N0B'^S) 

AL3»TRUNC( A L3 ,NC8TS) 

C4aTRUNC(C4, NOBTS) 

AL5*T  KUNC(AL5, NOBTS) 

Co»TRU.NC(C6  ,N3BTS) 

A LT*T  auNC ( ALT .NOBTS ) 

Ri.»trijnC(  RL  .NOBTS) 

WR  HE!  6,25) 

FORMATIlOX, 'THE  TRJNCATEO  VALUES  ARE') 

WRITE (6,22)  AL1,C2,AL3,C4,AL5, C6, ALT 

WRITE(6f28)  RS,RL 

CALCULATION  OF  THE  FREQUENCY  RESPONCE  WITH  COMPLONENTS  OF 
FINITE  PPECESION 

C.vLL  FILTERIUP  ,RS,AL1,C2,AL3,C4,AL5,C6,ALT,RL,C“GAC,0ATA2,T) 

calculation  of  root  mean  square  error 

ERaO.OOO 
DO  213  KK«1,98 

eR*ER>(0ATA(KK,2)-0ATA2(KK,2)  )**2 

C ONTI  NUE 

ER«ER/98.000 

ER»OSQRT(ER) 

RS>A 

AL1«B 

C2< 

AL3-0 

C4*6 

AL5«F 

C6«G 

ALT-M 

RL«P 

RETURN 

ENO 


•/ 

f/ 
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c 

A* 


APPENDIX  3 


A.  Conputer  Program  No.  10.  Program  to  calculate  the  sensitivity  func- 
tion  of  the  seventh  order  low  pass  wave  digital  filter  with  respect 
to  both  wave  digital  filter  multiplier  coefficients  and  the  original 
filter  conponent  values. 


c 

c 

c 


c 

c 

c 

c 

c 

c 

c 

c 


c 

c 

c 


c 

c 


c 

c 


«*««***«*«  FREQUENCY  DOMAIN  ***‘^******** 

*******  SENSITIVI'^Y  FUNCTION  OF  THE  FILTER  ************ 

WITH  RESPECT  tq'l’S  AND  C'S  ,RSfANO  RL 

AND  ALSO  WITH  RESPECT  "^0  WAVE  DIGITAL  PARAMETERS 

ON  THE  SAME  GRAPH  FOR  COMPARISON  PURPOSES 


implicit  realms  (A-H,0-ZJ 


OIMENS lOM 
01  MtNSI  ON 
DIMENSION 

dimension 

DIMENSION 

DIMENSION 

DIMENSION 

DIMENSION 

dimension 

COMPLEX’*  16 

complex *16 

COMPLEX*  16 


DATA0(2l0t3) 
DaTAI  (210,3  ) 
D\T42t210,3) 
OAT  A3 (210, 3 ) 
DATAA(210,3  » 
0ATA5(210,3) 
DA"^  A6  (210 ,3) 
0ATA7(21O,3) 
D4TAd(2iO,3) 


H1,H2,H3,H4,H5,H6,H7 ,H8 
T1,T2,T3, T4,T5,T6,T7,T8,T0 
Wl  ,Z,H 


CHEBECHEV  LOW-PASS  FILTER  WITH  RS*l.O  ♦*♦****♦ 


37 


19 


IS 


********** .508 

RS=l. CDO 
ALi=1.78960C 
C 2=1. 29 6100 
AL3»2. 717700 
C4=  I .3848  00 
AL5«2.717700 
C6=l. 296100 
AL7=1  ,739600 
RL»1.Q00 

FILTER  SCALE  FACTOR  FROM  DATA  IS  COEF 
C0EF*IRL*R5)  /RL 
WRITE(6,37)  COEF 

F0RMAT(7X ,' THE  FILTER  SCALE  FACTOR  IS. 


’,  E12.5, //) 


WRrf(6, 19)  Mt 
FORMA''{5X,'  SE 
*SHT  C-4-=*,F8.4, 
*4,/) 

WRITE(6,ia)  RL,RS 
FORMATtlOX,'  RL 


AL1,C2,  4L3,C4,AL5,C6,AL7 
'■ER  Ll  = ' ,F3.4,2X,  ' 5 HT  C2= 'aFS  .4, 2X,  'SER 


2X,'SeR  L5=* ,F8.4,2X, • SHT  C6= 


,£A,  -jc  L 3*  * ,F8 , 4, 2X , * 
* ,F8.4,2X,»SER  L7=' ,F8. 


• ,FS,4,5X,'RS 
CUT  OFF  FPEOUENCY  IN 


,F8.4,/) 
RA  D/SEC. 


SPECIFY  THE 
QMGAC  =1.000 

SAMPLING  PERIOD  IS  DLTAT 
0LTAT=I.000 

scale  to  normalize  the  element  values  ,as  well  as  taking  into 

ACCOUNT  the  E‘=FECT  OF  SAMPLING  TIME  AND  FREQUENCY  SCALE 
SCAL£»1  .000/0TAN(0MGAC*DLTAT/  2) 

AH=AL1*SCA  LE 

C2=C2*SCALE 

AL3=A13*SCALE 

C4aC<^*SCALE 

AL5=AL5»SC4LE 

C6=C6*SCAL£ 

AL7=AL7*S-ALE 

CALCUIATIGN  to  find  the  terminating  resistance  CF  EACH  element 

ANC  WAVE  digital  FILTER  MULTIPLIER  COEFFICIENTS 

with  no  delay  free  rath  on  port  two 


SlfciDutine  Graphyx  is  given  in  Conputer  Program  No.  1,  i^endix  1. 
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~mr- 


oooorjo  ooo  oooo 


42 


10 


R1=RS 

R2=11+AL1 

SI(?1Al=*Rl/^2 

G2»l .000/R2 

G3“02+C2 

S IGMA2=G2/G3 

R3»l  .000/G3 

R4-R3+AL3 

S IGMA3»R3/R4 

G4»l. 000/R4 

G5»G4*C4 

SIGMA4»G4/G5 

R5*l.  CD0/G5 

R6*R  S+ALS 

SIGMA5»R5/R6 

G6=1.0DO/R6 

G7=G6+C6 

SIG'^A6aG6/G7 

R7S1.CD0/G7 

R8=R7*AL7 

SJGMA/=ft7/Ra 

PHI=(RL-R8)  /(  P.L+R8) 

F0RMAT(5x“»' THE  V*AVE  OIGI'^AL  FILTER  nJLTIPLIER  CCEFFICIENTS  ARE.... 
*•»//) 

WR  KE(6,10  J S IGHAl.S  I G“A2f  SIGMA  3.  SIGH  A4t  sigmas.  SIGMA6  t S IGmA  7 ,PHI 
FORMAT!/, 4X,»SIGMA1*'  ,F6.4,4X,*  Si«MA2a'  , F6 .4 ,4X  , ' S I GMA3 » • ,F6.4,4X, 
♦ •S  IGMA4= ',F6.4, 4X,  'SIGMA  5= • , F 6. 4, 4X , • SIGMA6  = ' ,F6.4,4X,' SIGMA7** ,F6 
♦.4  ,4X  PHI  = ' ,F6.4i 


IMPULSE  INPUT 

AS«1.C00 

UPaASMCOEF 


TO  the  filter  with  magnitude  of 


AS^l 


FREOUENCT  RANGE  IS  CHOSEN  TO  BE  TWICE  THE  CRITICAL  FREQUENCY 
FREQUENCY  INCREMENT 
OLTAW»OMGAC /SO. DO 


( 


C 


c 


c 


PREMULTIPLICATICN  OF  . . » 

COEFFICIENTS  OF  PARTIAL  OIFFRENTI ATI  ON  OF  SIGMA'S  AND  PHI 
WITH  RESPECT  TO  L 'S  AND  C'S  ,RS,AND  RL 

A1*AH/(R1+AH)  4*2 
A2=AK24Rl/(SIGMAl>Rl*C2)**2 
A3«A2*R2*AL3/( SIGMA2*R2+AL3 J**2 
A4aA34G3*C4/! SIGMA3*G3+C4)R42 
A5»A4RR4R  AL5/ ( S IGMA4*  fi4+AL5 i**Z 
A6aA5*G5*C6/!  SI  GMA5*G  5+CA)  *42 
A7»A6*R6*AL7/ (S  IGmA6*R6+AL7  )**2 
A8«-2*A7*G7*RL/(  SI3MA7»G7*RL)*R2 

81»-R1/!RH-AL1)**2 

6 2»-R  lM>Rl<‘C2/(  ( SIGMAl  + Rl*C2  J*  (Rl+ALIJ  )**2 
Sj»32*P24ALJ/(  S IGMA2’S'R2<-AL3J»=>'2 
34..q3#r,3*C4/{  SIG’'A3*G3+r,4)**2 
3 5»8  4^R4*AL5/!  SIGMA4-»R4-t-AL5I**2 
B6=9  5*G5*r6/(  SIG''A5*G5*C6)**2 
87»86*R6*  AL7/  ISIGMAa^Pd+ALT  )*42 
B8»-2*8  7*G7*RL/(  SIGM  A7RG7+RL)  **2 

02»-G2/(G2+C2)**2 
03»02*R2'*AL  3/(  SIGMA2*R2>AL3)P42 
04«03*G3*C4/(SIGMA3*G3>C4)**2 
0S*04*R4*AL5/(  SIGMA4»P4+AL5»**2 
06»05RG5RC6/( S1GMAS*G5*CA)**2 
07»06*R6*AL7/  (S  IGMAo*':6«-AL7)**2 
0 8»-2*07*G7*P.L/(SI3MA7M'G7+PLJ**2 

E3»-R3/1R3«-AL3)**2 
E4-E3*G3’*C4/(  SIGMA3*G3>C4»**2 
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j 


c 


c 


c 


c 


c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 


c 


E 5*e4*R4*AL  5/(  SIG.MA^»’*R'.tAL5)'«‘*2 
E6=E5*G5*Ca/<  SI  G‘<A5*C5+C6  )**2 
E7=E6*R6<‘  AL7/  (S  IGMA6  * P6  ♦AL7  >**2 
E a»-2*E  7*G7'»Rl  /<  SIGMA7«G7+RlJ  **  Z 

P4»-GA/(G^*C‘i)**2 
B5=0  4*R4*AL5/(  SIGMA4’»RA>AL5)**2 
P6=P5  *G5  *C5  / < 3 I o'-’ A5  *i;5+C6  )**2 
P 7»P6*R6«‘AL7/<  S IG  '^A6<‘P6*- AL7  )**2 
P a*-2^P7*G7  ♦RL/  (SI3MA7»G7+RL)  **2 


05»-R;/(R5>AL5)**2 
06=0  5*G5*^  6/( SIGMA  5*G  5fC  6) **2 
07»Q6 ♦R6*AL7/ (S  IGM A6 * P6+AL7 J**2 
(J8*-2*(37*i>7<'RL/  (SIGMA7-G7  + RU  **2 


S6*-G6/(G6>C6  )**2 
§7*S6*R6<‘AL7/{  SIGMA6*R6+AL7)**2 
a8=-2=»S7«'G7«RI./l5lG‘<A  7 37+RLJ  **  2 


U7=-R  1/(R  7+AL7)  **2 
U8=-2*U7<=G7  *RL/  (S  IGM A 7^G7+P L ) **2 

V8-2*G7*SIGMA7/(RL+G7*SIGMA7J**2 

INITIAL  VALUES  IN  FREC'JENCY  DOMAIN 

W=O.OCO 

ITTERATION  IN  THE  FREQUENCY  DOMAIN 
DO  lie  J-1,S8 


INITIAL  VALUES  IN  T hE  TIME  DOMAIN 


C11=UP 


TT*0.000 
H=0CMPLX(0 
Hl-OC  PPLXI 
H2=0C''PLX( 
HOsJCfPLXI 
H4=DC  MPLXI 
ri5=OCMPLX I 
H6=0C  S'PLXI 
H7=0CMPLX( 
H8»0CPPLX( 

Y 11= 0.000 
Y13=»0  .000 
Y 14=0. 000 
Yi3=0  .000 
Y24=0.000 
Y33=0.C00 
Y34=0.000 
Y43=C.OOO 
Y44=0.000 
Y53=0.000 
Y54=O.ODO 
763=0.000 
Y64=0.000 
772=0.000 
7 7 3=0.000 
774=0.000 


0X111=0.0  00 
0X113  = 0.000 
0X114=0.000 
0X123=0.000 
0X124=  0 . 00  0 
0X133=0.000 
0X134=0.000 


.000,0.0001 
0.000,0.000) 
0.000, 0.000  ) 
0.000  ,0.0001 
0 . 00  0,0.  00  0) 
0 .0  00  ,0  .0  00  ) 
0. 000 ,0.000 ) 
0.000,0.000) 
0.000,0.0  00  1 
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c 


c 


c 


c 


3X143 

0X144 

0X153 

0X154 

0X163 

0X164 

0X172 

0X173 

0X174 

0X211 
0X213 
0X214 
0X223 
0X224 
OX  233 
0X234 
0X243 
0X244 
0X253 
0X254 
0X263 
0X264 
0X272 
0X27  3 
0X274 


bQ.OOO 
= 0.00 
=0.000 
*0.  coo 
=0.000 
=0.000 
= 0.000 
=0.000 
= c.  coo 

=0.000 
=0.000 
= 0.000 
=0.0  00 
= c.  coo 
=0.000 
=0.000 
= 0.000 
= 0.000 
= 0.000 
=0.  000 
=0.000 
= 0.000 
= 0.000 
=0.000 
= 0.  000 


0X311=0. 

0X313=0. 

0X314=0. 

0X323=0. 

ox  324=0. 

0X333=0. 

0X334=0. 

0X343=0. 

0X344=0. 

0X353=0. 

0X354=0. 

0X363=0. 

0X364=0. 

0X372=0- 

0X373=0 

OX  374=0 


000 
00  0 
000 
000 
.000 
.000 
.000 
.000 
.00  0 
.000 
.000 
.00  0 
.000 
.000 
.000 
.000 


0X411  = 0.000 
0X413=0.000 
0X414  = 0,000 
0X423=0.000 
0X424=0.000 
0X433=0.000 
0X434=0.000 
0X443  =0.000 
0X444=0.000 
0X453=0.000 
0X454=0.000 
0 X 46  3=  0.  00  0 
0X464=0.000 
0 X472  = 0.000 
0X473=0.000 
0X474 000 


0X511=0.000 
0X513=0.000 
0X514  = 0.000 
0X523=0.000 
0X524  = 0.000 
0 X 533  = 0.  00  0 
0X534=0.000 
0X543=0.00  0 
0X544=0.000 
0X553  =0.000 
0 X 554  = 0 . 00  0 
0X563=0.000 
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0X573*0.000 

0X574*0.000 

0X611*0.000 
0X613*0.000 
0X614*0.000 
0X623=0.000 
0X624*0.000 
0X633*0.000 
0X634=0.000 
0X643*0.000 
0X644*0.000 
0X65  3=0.0  00 
0 X654  * 0.  00  0 
0X063*0.000 
0X664*0.000 
0 X 67  2 *0  . 00  0 
0X673=0.000 
0X  67  4*0.00  0 

0X711*0.000 
0X713*0.000 
OX714*C.QOO 
0X723*0.000 
OX72  4»C.ODO 
OX  733  = 0.000 
0X734  = 0.000 
0X743=0.000 
0X744=0.000 
0X753*0.000 
0X754=0.  000 
OX  763*0.000 
0X764=0.000' 
0X772*  0 . 00  0 
0X773*0.0  00 
0X774=0.  COO 

0X811*0.000 
0X813=0.000 
0X814=0.000 
0X823=0  .000 
0X824=0.  000 
0X833*0.000 
0X834*0.  000 
0X843*0.000 
0X844=0.000 
0X653  = 0.000 
0X854=0.000 
0X863*0.000 
0X864=0.  COO 
0X872*0.000 
0X873*0.000 
0X874*0.000 


ITTERATION  IN  THE  TIME  DOMAIN 

»*«««  4 * = *=**«=  = * 

00  IOC  1 *l  ,480 


012*C11-»Y11-Y23 
022*Y33+SI3NA2* 
0j2=0  22+Y24-Y43 
0',2=Y53>S10^A4* 
052*0  42+Y44-Y63 
062=Y73-fS  IG'‘A6* 
072*062>Y64-Y72 
C 72*0  72’i‘PKI 
071*062>S  13MA7* 
061*071-052 +773 
051*042+SIDMA5* 

041*051-032  +753 


♦SIGMAl*iY23-Y  14) 
(012+Y14-Y33-Y24J 

♦ SIG'^A  3*(  Y43-Y34) 
(032»Y34-Y53-Y44) 

♦ SIGMA*;*!  >63-Y54) 
(D52  + 754-Y73-Y64) 
♦SIGMA7*! Y72-Y74) 

(C72-062<.y72-Y73) 

♦ SIGMA6*(052-Y63  ) 
{D61-042+Y63-Y53) 
♦S1GmA4*( 032-Y43) 


r»f%or>  ooooo  orioo  oooo 


D3l*022*S  I3y&3«(0^1  -022*Y43-Y33  J 
D2l=Dil-0l2+Y33+SIGMA2*O  12-V23i 
01i=CH+S  iGf-!Al*(02l-Cll>Y23-y  13) 

OIFFRENTIATION  WITH  RESPECT  TO  SIGMAl 


OB  112 
0B122 
06132 
061A2 
06152^ 
OB  162 
0BL7Z‘ 
0A172 
00  171 
06161: 
06151 
OBlAl: 
06131 
06121 
06111: 


•Y23-Y lA-0 
= 0X133+S  IG 
=06122*0X1 
*0X153*SIG 
0B1A2  *0X1 
0X1  73  *513 
00  162*0X1 
06172WPHI 
0P162*SIG 
0B17*-D31 
0B1A2+SIG 
0615  1-00  1 
06122  *SIG 
06131-031 
021-: li+Y 


X123+SIG'U1«(0X123-0X1 
''i2*(  O0112+OX11A-OX122 
2A-0X1 A3+SIGMA3*(0X 143 
M44*( 0513 2*0X1  34-OX  15 3 
44-0X163*SlG-tA5*(0X16  3 
''A6«'(  0615  2*0X1  54-OX  173 
64-0 XI 72* SIGMA  7* <0X1 72 


f'A7*(0A172 
52*0X172*S 
f'AS^Coeio  1 
22+0X1  53*  S 
MA3=*‘{O014l 
12+OX133+S 
23-Y13*S:G 


-03162*0X172 
IGMA6*(0B 152 
-03142+OX 163 
IGmA4^ (08132 
-03122*0X143 
IGMA2* (091 12 
0A1»(  05121*0 


14)  , 

-0X124) 

-0X134) 

-0X144) 

1-0X154) 

-DX164  ) 

1-0X174) 

-0X173  ) 
1-0X16  3) 
-0X153  ) 
1-0X143) 
1-0X133) 
-CX123) 
X123-0X113) 


OIFFRENTIATI ON  KITH  RESPECT  TO  SIGMA2 


06212 
06222 
06232 
06  242 
06252 
06262 
06  2/2 
0A272 
06271 
06261 
06251 
06241 
06231 
06221 
06211 


»-0X223+SIGMA1*( 0X223-0X214) 

=0X233*SIGHA2*\D8212+0X214-0X233-0X224)*012+Y14-Y33-Y24 
=08222  *0X224-0X243*5  IGm  43=“  ( 0X243-0X234  ) 

=0 X253* SI  G^'A4=■(  06232+0X234-0X2  53-0X244) 
=0e242+0X244-0X263*SIGMA5«(DX263-0X254) 
aOX273*S I GWA6*{ 03232+0X254-0X273-0X264) 

=00 262+0 X2 64-0 X2 72* SIGMA 7« ( 0X2 72-0X274) 

=00272 *PHI 

=O8262*SlGMA7*(DA272-D3262*0X272-0X273 ) 

= J0271-O0 2 52+0 X273*SIGMA6* (03252-0X263) 

=00242  ♦SIGf'A5«  ( 0 8 26  i-03242 +0X263-C X253  ) 

=06251-06232+0 X253+S16MA4* (0B232-CX243 ) 

= 05222 *S  JGMi 3* ( 03  241-00222*0X243-0X233) 

=0623 1-062 12*0X2  33*0  I GMA2*<  082 12-0X223 ) *01 2-Y23 
= S IGM  A 1*(  03  221*0X22  3-0X2 13) 


OIFFRENTIATION  WITH  RESPECT  TO  SIGMA3 

0R3l2»-0X323+SI GMAl* ( 0X32 3-0X31 4) 

06322=0X333*0 IGM42*( 06312+0X314-0X332-0X324) 
06332=06322*0X324-0X343*0 IGMA3«(0X343-0X334 )+Y42-Y34 
D0242=OX353*SI3Mt 4* (0933 2+0X3 34-0X3 5 3-0X344) 

0 635  2=06342*0X34^-0X363*5  IG'! A 5=  ( 0X363-0X354) 

06  362=0  X3  73 ♦ SI G W46*( 08352*0X3  54-0X3  73-0X364 ) 

063/2=03362*0X3 64-0X3 72* SIGMA7* (0X372-0X374) 

0A372=08372*phI 

00  3 7 1=00  362  *SIGf»A7<«(D  S3  72 -06362*0X37  2-0X373  ) 
Oe361=O8371-O0352*OX373*SlGMS6*(O9352-OX363) 

06  351 =00342  *51 G^AS*! 0336 1-06342+0X  3 63-0X353  ) 

00  341=06351-03  3 32*0  X3  53+ SIG  U4«  (033  32-0X343) 

08331 =06322  *S 10^43 *( 0634 1-03322*0X34  3-0 X333 ) *04  1-022* Y43-Y33 
D6321=O033L-O6312*OX333*0IGMA2*  <0B312-CX323  ) 

0B3il=S IGMS 1*(09321*0Xj23-0X313) 

OIFFRENTIATION  WITH  RESPECT  to  si(;mA4 


08412*-0X423*SIGMA1*( 0X42 3-0X41 4) 

08422=0X433+SIGMA2*( 06412*0X414-0X432-0X424) 

0 6432  *06422  *0X424-0X443*51  G'' A3=  ( 0X442-0X434  ) 

06442=0 X453*S1GYS4*( 06*3 2 *0X434-0X453-0X4 44 ) +C32+Y34-Y53-Y44 
0B452»06442+0X444-0X463*S(G  1A5:»(  0X46  3-0X454) 

06462*0X473*0 IG«a6* ( 06452  *0X454-0X47  3-0X464) 

06472=06462*0  X464-0X4  72*  SI GMA 7* ( 0X4  72-0X474) 

OA472  = Oe472*PHl 
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0B471=0B<^6^  ♦SIG'^47*(  04472-08 ♦0X472-0X473  I 
064ol=0847l-03452^0X473  + SIGMA(j^  <08452-0X463  ) 
0B45i=0B442+SIGM45»( 0846 l-0a442+0X463-0 X453 ) 
0e44l*0B45l-034  32^DX453>SIG-(A4<‘(  064  32-0X44  3 J +032- V43 
DP  43 1=08  422  + 5 1 G ‘*63*  < 0944  1-DB422  +0X443-0X433  ) 
09421=08431-08412+0X433+5  1G‘U2*<  03 4 U-0 X423 ) 

0B411  =SIGMAl*  (08421  <-0X423-0X413  ) 

OIFFREMTIAT  lOM  WITH  RES«»eCT  TO  SIGMAS 


-0X523+SIGMM*(  0X523-0X514) 

'0X533  +5  I G'‘A2*(  08512+0X514-0X533-0X524  > 

'08  522+0X524-DX543+SIGMA3=  (0X5  43-CX534  ) 

'0X55J+SI GMi4*( 09532+0X534-0X553-0X544) 
«03S42+0X544-0X563+5IGV45«( CX 563-0X554 )+Y63-y54 
'0 X573+ SI G«A6»( 08552+0X554-0X573-0X564) 

= 09562  +0X564-0X5  72+5 IGM  A 7*( 0X57  2-0X574) 

'08572  = '>Hi 

= 03 562 ♦SIGM47’I'(  0 45)2-03  562+0X57  2-0X573) 
'D3571-03552+0X573+SIG--1  46*085  5 2-0X563  ) 

'08542+ SO  MAS*  (0956  I -05542 +0X563 -0X55  3 ) +C6  1-C42+Y63-Y53 
=D355i-D3532+0X553  + SIG-lA4*(  08522-0X543  ) 

'09522+';  (G^* A3*  ( 0854 1 -03522  +0X543-0X533  ) 
'O-8531-O85l2+0X533+SIGMA2*(  03512-0X523  ) 

= S IGMA1*( 09521 +0X523-0X5 13 ) 


0P612 
0B622 
03632 
08642 
08652 
09662 
03672 
0A672 
08  671 
0 8661 
03651 
09641 
06631 
09621 
CB61  + 


=-0X62  3+  SI GMAl * ( 0X623-JX61 4) 

=0X633+S IGMA2*( 03612+0X614-0X633-0X624) 

=03622+0 X624-0X643  + SIG  U3*(  0X643-0X634) 

-0X65  3 + SIG  •tA4*(  09  632+0  X634-0X6  5 3-0X644) 

= 08642  +0X6  44-0X663+9 IG  1A 5* ( 0X66  3-0 X654) 

=OX673+SIGPA6*(03652+0X634-0X673-CX664) +052+Y54-Y73-Y64 
= 08662+0 X66H-0X6 72+ SIGMA  7* I 0X672-0X674) 

'03672 *PHI 

=09662+SIGVA7* ( 0 A672-O0662 +0X6 72-0X673 ) 

=08671 -03652+0X6 73+SIGMA6*( 08652-0X663) +0 52-Y63 
»0B642+S IGMA5* ( 03661-03642+0X663-0X653) 

=08 65 1-08 6 32+0 X6 53+ SIGMA4»( 036 32-0X643) 

= 03622  +5 IGMA3*( 08641-03622+0X643-0X633) 
=09631-03612+0X633+9 IGMA2* ( 036 12-0X623 ) 

=S IGM4 1»( 09621+0X623-0X613) 


OIFFRENTIATION  WITH  RESPECT  TO  SIGMA7 


08 712*-QX723+ SI GMAl*( 0X723-0X71 4) 

09722=0X733+3  I GMA2*( 09712 +0X714-0X7 33-0X724) 

08732  =08722+0X724-0X743  +S IGXA3*IDX743-CX734) 

03 742=0 X753+SIGMA4*( 09732+0X7 34-0X7 53-0X744) 

06752  = 08742  +0X744-0X763+9  IG'-<A  5*(  OX  763-0X754) 

08 762 =0X773 +51 G YA6*( 03752 +0X7  54-OX  7 73-OX  764) 
0e772=09762+OX7e4-0X7  72+SlGMA7* (0X7  72-3X774) ♦ Y72-Y74 
0A772 =09772 •PHI 

08  771=08  762+310  VA7* ( 0 A772 -08762  +0X7  72-CX773  ) +072-062+772-773 
0B7e>i  = 09  771-09  7 52+0X773+SIG  n6*(  J8  7 52-3X763) 

06751  =00742 +SIGf'A5*(0976l-0c742+0X  763-0X753  ) 

08  741=03  75  1-03  7 32+OX  753+ 3 IG‘’A-+«(  097  32-0X743  ) 

0673 1=09722 ♦SIGMAi*( 0874 1-03722 +0X742-0X733 ) 
06721=0873l-08712+0X733+SIGMA2*(0a7l2-CX723) 

09  71  l*SIGMA  1*0 97214 0X723-0X7  13) 

OIFFRENTIATION  WITH  RESPECT  TO  PHI 


09 ai2«-0X62 3+ S I GMAl *( 0X823-0X314) 

09  822=0 Xe33  + SIG’1A2*(  09  ,"12+0X3  14-0X3  33-0. <824) 
06832=06322 +0X824-0X343+5 ICMa 3* (0X343-0X334) 
08  842=0 X853  + S(G  yA4* I 08332+0X334-0X353-0X844) 
09852=09842 +0X344-0X363+ S1GMA5* (0X365-3X854) 


[0 

•6  ,•» 
</>  V 

A 
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O"  862»3Xa73+S  I '5‘<A6*  O«852*DXa5^-0  X8  73-0X864) 
06372  *06362 ♦0X864-0X8  72+5 IG^AT* ( CX372-DX374 ) 
OAa72»03872*PHI+O72 

0637  1*0?  ac2+5  IG'<W«(  0 33  72-06862  *0X8  72-0X873) 
03fl6l=0c3n-033f2+0X373  + SI&*Ao^'(03J52-0X863) 
06  85 1=03  34 2+ SI  3 ''AS*  (0  666  1-03342 +0X363-0X353  ) 
OB84l  = 0E35i-DB3  32*0X3  53*SIGM4  4<=(DBS2  2-0Xa43) 
08831=06 822  + SIGf' 43*  (0  6 3 41-068  2 2 *0X  8 4 3-  0 X 83  3 ) 
06821=08831-03  612*0X333*  SIGMA2* ( 038 12-0X823 ) 
08811 »S£GM41 *(06321 +0X8 23-0X3 13) 

UPDATED  VALUES  FOR  SEXT  ITTER4TI0N 


Yll«Cll 
Y13=011 
Y 14*0 12 
Y23»021 
Y24»022 
Y 33*0 31 
Y 34*032 
Y43=041 
Y 44=0  42 
Y53=051 
Y54»052 
Y63=061 
Y 64=062 
Y72-C72 
Y 73*0 71 
Y74=072 


0X113 

0X114 

0X123 

0X124: 

0X133 

0X134 

0X143 

0X144 

0X153 

0X154 

0X163 

0X164 

0X172 

0X173 

0X174 

0X213 

0X214 

0X223 

0X224 

0X233: 

0X234 

0X243 

0X244 

0X253 

0X254 

0X263 

0X264 

0X272 

0X273= 

0X274= 

0X313 

0X314 

0X323 

0X324 

0X333 

0X334= 

0X343 

0X344 

0X353 

0X354= 


08111 

=08112 

08121 

=08122 

=08131 

=08132 

=08141 

=08142 

=08151 

=08152 

*03161 

=08162 

»0A172 

=08171 

08172 


08211 
06212 
08221 
08222 
OB  231 
08232 

08241 

08242 

08251 

08252 
=08261 

08262 

*0A272 

>08271 

>08272 

08311 

>03312 

>08321 

>08322 

>03331 

06332 

>08341 

>08342 

>08351 

>08352 
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0X363=D336l 
OX  3o<»=0B362 
0X372»0A372 
0X373=00371 
0X374=00372 


0X413 

0X414 

0X423 

0X424> 

0X43  3^ 

0X434= 

OX  443= 

0X444= 

0X453  = 

0X454 

0X463 

0X464 

0X472 

0X473 

0X474 


=00411 
=00412 
=00421 
=00  422 
=00431 
=00432 
■00441 
=00442 
=00451 
=08452 
=06461 
=00462 
0A472 
=00471 
00472 


0X513 
0X514 
0X523 
0X52  4 
0X533 
0X534 
OX  543 
0X544 
0X555 
0X554 
0X563 
0X564= 
0X572 
0X573 
0X574 


=08511 
=08512 
=00521 
00  522 
00531 
08532 
=00541 
06542 
08551 
00552 
*00561 
00  562 
=0A572 
08571 
00572 


0X613=08611 
0X614=00612 
0X623*00621 
0X624*00622 
0X633*06631 
0X634*00632 
0X643*00641 
0X644*00642 
0X653*00651 
0X654*00652 
0X6o3*Ce661 
0X664*00662 
0X672*04672 
0 X67  3 =08671 
0X674*00672 
0X713*00711 
0X714=08  712 
0X723*00721 
0X724*08722 
0X733*00731 
0 X 734=  00  7 3 2 
0X743=00741 
0X744=00742 
0X753*08751 
0X754=08752 
0X763=00 761 
0X764=08762 
0X772=04772 
0X773=00771 
0X774=00772 

0X013=00811 
0X814  =00812 
0X823=00821 
0X824=00822 


ooo  r>o  oooo  0*^00 


0X833* 
OX  834  = 
0X343= 
0X844= 
0X853= 
0X854* 
0X863= 
0X864= 
0X872= 
0X873 


08831 
=08332 
=08  841 
=08842 
=08  851 
=08852 
■08861 
=08862 
■0A872 
08871 


0X874*08872 

011*0.000 

WT»W*TT 

'31»OCf'PU(0.0  00  ,-WT) 
2*CD6XP(W1» 

Hi*Hl+08172*Z 
H2*H2*082  72’*Z 
H3=*H  3+0837  2*Z 
H4=H4+084  72  *Z 
H5*H5  + 0B572«‘2 
H6*H6+08672*Z 
ri7*H7  + 08772  =*Z 
H8*H  8+08872  t=Z 
H=H+D72=*Z 

UPOATING  •'•he  time  INCREMENT 
TT*TT+OLTAT 


100  CONTINUE 


H1=H1*I  1.00  0+PHr)72 
h2*H2  *<1 .000+PHI)/2 
H3=H3«I 1. CD  0+ PHI) /2 
H4*H4=»(  l.COO  + PHI)  / 2 
H5«H5*(  1. 00  0+PHi  J/2 
H6«H6*<  1.  0D0+PHI)/2 
h7»H7+«1.000+PHl)/2 
H8*H8*(  I.C0  0+PHIJ/2+H/2 

ARRANGING  thE  OUTout  oftT/i  ih  FPEOUENCY  OOmAIN 


OUTPUT  OERIVATIVES  WITH  RESPECT  TO 


DATAOIJtl  )»W 
OATAK  J.,1)»W 
0ATA2t Jt 1)»W 
0ATA3( Jfl)-W 
0ATA4(J>1)«W 
OATASIJf I )*W 
0ATA6(J,l)*H 
0ATA7(  J,1)«H 
0ATA8 (Jtl i*W 

ARRANGING  THE  NORMALIZEO 
SIGMA* SfANO  PHI 

OATAiutllsCOABSIHl  )*SIGMAl 

^ASE  ONLY  KON  N0R..L.2E0 

VALUES  FOR  DER  1 VA'=‘ I V ES  ARE  CALCULATED  ANO  PLOTEO 

0ATA2(  Ji2)*CDA3S(H2  )=sSIGMA2 

DATA3(  J,2)«COA0S<H3J  '»SIGMA3 

0AT44(  J,2  )=C0AfeS<H4)*=SIGMA4 

DATA5IJ,2)*CCA5S(H5)*S1GMA5 

OAT  A6 I Jf  2 )=  COAB  S ( H6 ) ♦$ IGM  A6 

0ATA7( J,2J *C0A83(M7)4SiGMA7  , 

0ATA8(7f  2 )»COAB  SH8  ) «0A8SIPHI ) 


T0*A1*H1+A2*H2+A3*H3+A4*H4+A5*H  5+46>»H6+A  T’SH  7+A  8*H8 
Tl*fll  *H  1+62  *H2+03'»H3 +84=0  H4+85RH 5+36 +H6+97+H 7 + 68  ♦H8 
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oOO  oo  OOOOOOO 


■'•2  02*H2+03*H3-*-D'**H^*05*H5+06*H6  + 07*h7  408*H8 

T3»E3*H3+f  ^*H4+E5'»H5+Ef^*H6+e7*H7+e8*H3 

T4304*H4-*'‘»5*H5-f=6'«'H6+P7*H7*P8*H8 

T5*'35*H5«-q6*H6  + C7*H7+Ca*H8 

T6*S6PH6«-S/*H7>  S8*H8 

T7*'J7*H7-*-U8*Ha 

T8-V8*H8 


110 


ARRANGING  THE  NORMALIZED  OUTpiJT  DERIVATIVES  WITh  RESPECT  TO 
L'StC 'SfRS.ANO  RL 

NOTE  THAT  pnR  T hE  CASE  OF  RS=0  NON  NORMALIZED  VALUES  ARE 
ARRANGED  FOR  SECTION  ONE  ONLY 

OATAOl J,3 )=CDABS("3 )*RS 
I FIRS.Lt.  1.00-15)  0A“A0(  J ,3  ) =COABS  ( TO  ) 

OATAK  J,3)  = C048S(Ti)«ALl 
IF(RS.LE.1.00-15J  DA-AKJ.aisCOABSITl) 

0AT42( J,3)=C0ASSIT2) MC2 
0ATA3<Jf3)=C0AflS(T3)*AL3 
OA-AAI  J,3)=C0A3S(TAJA>CA 
DATA  5(  Jf  3I  = CDAB  £(  T5)  ’♦ALS 
OA'^AB  (Jf  3 )=  COASSCTS  )#C6 
0ATA7(  J,3)=C0A8S(T7)<‘AL7 
0ATA8( Jt3)=C0ABS(T8) mrl 

UPDATING  The  FREQUENCY  INCREMENT 

H=H>OLTAH 

CONTINUE 


WRITE(6  ,5A) 

54  FORMAT! *1') 

IF(RS  .GT. 1.00-15)  GO  TO  555 
WRrE(6,50J 

50  F0RMAT(35X, 'NON  NORMALIZED  VALUES',//) 

WRIT£(6,49j 

49  F0RMAT(20X,' FREQ' ,40X ,' 0( G/P) /O (RS ) ',//) 

GO  TO  666 
555  CONTINUE 

WRITE(6.48) 

48  F0RMAT(20X, 'FREQ'fAOX,  ' (0 (0/P J /0( R S) ) ♦RS'  ,//) 

666  CONTINUE 

WfiITE(6,20)  ) (OATAOINfM)  ,M=1,3)  ,N=1 ,98) 

CALL  GRAPHX  (DAT  40,98, 4HFRE0,4HMAG.) 

WRITE(6,54) 

IF(RS  .GT.X. 00-15)  GO  TO  333 

WRITE(6,50I 

HPITE(6,5l) 

51  F0RMA‘^(23X,  ' FREQ'  ,15X,  'OI  0/P)/0(SIGMA1)  '.gx,  '0(  0/P)  /D(RL)  ',  //) 

GO  TO  444 

333  CONT INUE 

WfiITE(6  ,55) 

55  FORMAT!  20X,  'FRE  C ,1 1 X , » ( 0 (0 /P)  / C(  SI  GMA 1)  )i»S  IGMA 1 ' ,4X , ' ( 0 ( 0/ ») /O  (L  1 

♦ ))*L1',//J 
444  continue 

WfiITE(6,20)  ((DATAKN.M)  ,M=l,3)  ,N*1,98) 

CALL  GRAPHX  (OAT  Al, 98, 4HFRE0,4HMAG.) 

WPITE(6,54) 

WPITE(6,56) 

56  FORMA  T(20X, 'FREQ'  ,1 IX , ' ( 0 (0/P)/ 0(SI  6''A2)  ) *S  IGMA2 ' ,4X , ' ( D(0/P  )/0(  L2 
*) ) ♦C2  ' ,//  ) 

WR ITE(6  ,20  ) ( (0ATA2( N,M)  , v= 1, 3) , N» I , S« ) 

CALL  GRAPHX(OATA2,98,4HFREO,4HMAG.) 

WBr£(5,54) 

HRITE(6,57) 

57  F0RMAT)20X,  'FREO'fllX, '(0(0/P)  /0(  SIGMA3)  )*SIGMA3' ,4X,' (0(L/ P)/D(L3 

• ) )*L3 ' ,//) 

toRITE(6,20)  ((D4T43(N,H)  ,M«1,3)  ,N»l,9a) 
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CAUL  GRAPHX{DATA3f 98t AHFReOi^HMAG.) 

WBITE(6,5U» 

WR  1TE( 6t 58) 

FOB'4AT<bx  , • FBEO*  , I IX  , • ( 0(  0/P  ) /0(  5 IGM  A4>  I ♦$  I GMA  A*  , 4X,  M Di  Q/P»  /0<L4 
• » X4«  ,//) 

WRITE(6,20)  « <DATA4<N.M)  ,M»l,3)  ,N*l,se» 

CALL  GRAPHX (OAT A4f93  rAHFBEOiAHMAG.i 

WR  ITE(6,54) 

WRITE(6,59» 

FORMAT(  20X,  'FREC  , 1 1 X ,’  ( 0 (0/P) /0(  SI  GM  A5  J ) *S  1 GMA5  ' ,4X  , • ( 0 ( G/ P) /OIL  5 
•» )*U5',// J 

WRITE (6,20)  ( (0ATA5 (N,M)  ,M=I,3) ,N=1 ,98) 

CALL  GRAPHX{DATA5,98,4HFRE0,4HMAG.) 

WRITE(6,S4) 

WR  ITEI6,60) 

F0R'1AT(20X,  'FREO'  ,HX  , • ( D(0/P  )/ 0(  S I GM  A6) ) *SI  GMA6'  ,4X,  • ( 01  0/P  ) /O I L6 
*))♦':  6',//) 

WR  1TEI6,20  ) ( 10ATA6(N,-1)  ,•«»  I,  3)  .N*!  , 96) 

CALL  GRAPHX (OAT A6,9a,4HFBE0,4riM AG.) 

WPrEI6,54) 

WRITE  (6  ,61 ) 

FORMAT!  20X,  'FREQ*  ,11  X,’  i0(0/P) /0(  SI  GMAY)  )*S  IG»'A7'  ,4X  , ' ( 0 ( C/ P )/ D SLT 
*n*L7  •,//) 

WRI-^E(6,20)  ((0ATA7(N,m)  ,V»l , 3)  , N=l  , 93  ) 

CALL  GRAPHXIDATA7,98, AHFRE0,4HMAG.) 

WRITE (6,54) 

FORMA^tjoxi  * FRE^'  ,HX,  •(  0(0/P)/0(PHI)  )*A6SI  PHI ) ',  AX,  MOIO/P)  /D(RL) 
*)*RL',//) 

WRITE(6,20)  ( (0AT48(M,M)  ,M*i,3)  ,tM»l,96) 

CALL  GRAPHX (OAT A8 ,98 , AHFREO.AHMAG.) 


F0BMAT(20X,  E12.5  ,10X,E12.5  ,I0X,E12.5) 
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